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Abstract 

Cast aluminum alloys are common in automotive and aerospace applications due to their 

high strength-to-density ratio.  Fracture data for cast aluminum alloys, such as fatigue life, 

tensile strength and elongation, are heavily affected by the structural defects, such as pores 

and bifilms.  There have been numerous studies in which either fatigue performance or 

tensile deformation were characterized and linked to casting defects.  However, a 

comprehensive study that correlates tensile and fatigue properties has not been reported.  

The present study is motivated to fill this gap. 

The main objective of the investigation is to analyze the link between tensile and fatigue 

performance of commonly used cast aluminum alloys, and determine whether fatigue 

performance of cast aluminum alloys can be predicted. To accomplish this task, four 

research questions were developed: (i) how well do equations developed to account for 

mean stress effects perform in cast aluminum alloys, especially in datasets with various 

levels of structural quality, (ii) is the strong correlation between fatigue life and structural 

quality index obtained from tensile data reported for A206 alloy castings applicable to other 

aerospace and automotive casting alloys, (iii) how do methods to estimate high cycle 

fatigue from tensile data perform with aluminum castings, and (iv) can the axial fatigue 

performance of an A356-T6 casting be predicted from rotating beam fatigue data.  

Among the three mean stress correction models analyzed by using seven datasets from the 

literature, the one developed by Walker with an adjustable exponent has provided the best 

fit.  It has been hypothesized that the adjustable Walker parameter is related to the structural 

quality index, QT, estimated from tensile data.  Results have shown that there is indeed a 

strong correlation between QT and the Walker parameter.  Moreover the parameters of the 
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Weibull distribution estimated from corrected data have been found to be strongly 

influenced by the mean stress correction method used. 

Tensile and fatigue life data for 319, D357 and B201 aluminum alloy castings reported in 

the literature have been reanalyzed by using a maximum likelihood method to estimate 

Basquin parameters in datasets with run-outs, Weibull statistics for censored data and mean 

stress correction. After converting tensile data to QT, a distinct relationship has been 

observed between the expected fatigue life and mean quality index for all alloys. Moreover, 

probability of survival in fatigue life has been found to be directly linked to the proportions 

of the quality index distributions in two different regions, providing further evidence about 

the strong relationship between elongation, i.e., structural quality, and fatigue performance 

[1]. Specimen geometry has been found to make the largest difference whereas the two 

aerospace alloys, B201 and D357, with distinctly different microstructures, have followed 

the same relationship, reinforcing the findings in the literature that fatigue life in aluminum 

castings is mainly determined by the size distribution and number density of structural 

defects. 

Six methods to predict fatigue life from tensile data have been compared by using data 

from the literature as well as the experimental A356 data developed in this study.  Results 

have shown that none of the six methods provide reliable results.  The consistently poor 

performance of the methods developed for steels and wrought alloys can be attributed to 

the major structural defects, namely bifilms, in aluminum castings.  A new method to 

estimate the S-N curve from tensile data have been developed by using data for seventy-

one S-N curves have been collected and Basquin parameters have been determined.  

Analysis showed that there is a strong relationship between QT and the Basquin exponent.  
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The Basquin parameters estimated by using the empirical relationships developed in the 

present study have provided better fits to the same datasets tested for the six methods.  

Hence the model developed in this study is proposed as the most reliable method to 

estimate high cycle fatigue properties.  

Finally, three methods to convert rotating bending fatigue test results to uniaxial fatigue 

data have been investigated by using the data developed in this study.  Results have 

indicated that the method developed by Esin, in which both the fatigue life and alternating 

stress are corrected, provide the best estimate.    

Analyses of fracture surfaces of broken specimens via scanning electron microscopy have 

shown that tensile, axial fatigue and rotating beam fatigue properties are all strongly 

influenced by the same structural defects, confirming the validity of the approach taken in 

this study. 
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1. Introduction 

Typically, structural components subjected to loads have been designed such that 

maximum stresses during the lifetime of the component do not exceed the tensile yield 

strength of the material so that only elastic strains are developed.  However, there are 

usually local stress concentrations due to surface imperfections, design flaws and/or 

microstructural discontinuities in the structure, such as inclusions and pores.  Thus, local 

stresses can be well in excess of the yield strength, and after some repeated loading, cracks 

can form and propagate until final rupture.  This progressive failure is referred to as fatigue. 

Fatigue was originally identified as a problem in the early 1800s by engineers who 

observed that some bridge and railroad sections were starting to crack although stresses 

were well under the yield strength. The engineers could not identify the reason for this type 

of failure, thus concluded that the metal was “tired”, coining the word “fatigue” [2].  

Today, fatigue failures are the most common failure type in service, which account for 90% 

of the failures reported [3, 4]. Nevertheless, there is no requirement for fatigue performance 

in any military or industrial specification, to the author’s knowledge. Instead many 

industrial standards and specifications such as MIL-A-21180D [5] require a number of 

nondestructive tests as well as tensile tests be conducted for quality assurance purposes. 

To examine properties of machined parts, there is a number of mechanical tests available 

to materials engineers. The most common one is the tensile test, which provides data for 

mechanical properties such as Young’s modulus (E), yield strength (σY), tensile strength 

(ST) and elongation (eF). To evaluate fatigue performance, fatigue tests need to be 

conducted to determine cycles to failure (Nf), at a given stress amplitude (σa) and mean 
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stress (σm), which are usually determined based on the tensile yield strength. Unlike other 

property tests in which loads are applied gradually, in fatigue test, specimens are subjected 

to alternating stresses to simulate the conditions under which the part would be in service 

[6]. In high-cycle fatigue (Nf >105 cycles), where the maximum stresses are well below the 

yield strength (as in service), it is not unusual for a single test to take days, even weeks, to 

produce a single data point. To this respect, fatigue testing has become costly and time 

consuming. 

On the other hand, another type of mechanical test, which is more readily available, tensile 

testing takes significantly lower time to run and it has been studied over years. Researchers 

have made attempts [7-12] to obtain fatigue properties from tensile test results. There have 

been some accomplishments on steel, yet aluminum alloys still stand as problematic.   
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2. Background 

2.1. Tensile Testing 

Tensile testing is the most commonly used mechanical test to determine the mechanical 

properties of metals.  In this test, a specimen is stretched at a predetermined strain rate, 

usually 0.001 to 0.005 s-1.  The load or stress necessary to deform the specimen at that rate 

is recorded versus strain.  A typical stress-strain curve for a steel specimen is presented in 

Figure 1, which shows the engineering and true stress-strain behavior.  Note that maximum 

engineering stress, i.e., ultimate tensile strength, is the point where necking occurs after 

which engineering stress decreases with increasing strain.  True stress, however, increases 

steadily until final fracture takes place. 

 

Figure 1. Schematic illustration of the tensile stress-strain curve, both engineering and true, 

and specific points of interest to engineers [13]. 
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2.2. Fatigue Testing 

To evaluate the fatigue performance of a material, fatigue tests are run at a predetermined 

stress ratio, R: 

 R=
σmin

σmax

 (1) 

where, σmin is minimum stress and σmax is maximum stress in the spectrum, respectively. 

Some stresses used in fatigue testing terminology and different R ratio’s spectra are 

illustrated in Figure 2.a and b, respectively. Different R ratios cause different mean stresses 

which have a significant effect on fatigue results [3, 14-20]. 

 

 

Figure 2. Schematic illustration of a) stress types b) different R ratios on spectrum [18]. 

Stress amplitude, σa is found by: 

 σa =
σmax - σmin

2
 (2) 

Mean stress, σm is found by: 

 σm =
σmax + σmin

2
 (3) 



5 

 

Two of the most common fatigue tests are rotating beam and uniaxial (or axial).  These 

tests are shown in Figure 3.  Note that in rotating beam fatigue tests, R=-1 and stress 

distribution along the cross-section of the specimen is not uniform, with maximum stresses 

achieved at the surface.  In axial tests, however, stresses are uniform over the cross-section 

of the specimen and R can be adjusted to levels shown in Figure 2.  The rotating beam test 

has been widely used because data can be obtained much more rapidly due to the frequency 

levels around 20 Hz compared to the typical frequency in axial testing of 3-5 Hz. 

 

  

(a) (b)  

Figure 3. Schematic illustration of two common fatigue tests: a) rotating beam [21], and b) 

axial [22]. 
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Total fatigue life of components consists of three stages: (1) crack initiation, (2) crack 

propagation, and (3) final rupture.  Crack initiation can represent a large majority (up to 

70%) of total fatigue life in parts with high structural quality, it takes many cycles for a 

propagating crack to form.  In parts with low structural quality, i.e., with many structural 

defects such as pores, crack initiation stage may be very small, and even nonexistent.  In 

such cases, total fatigue life is essentially equal to crack propagation stage because final 

rupture takes only several cycles [6]. 

2.3. Wöhler (S-N) Diagram 

Stress amplitude and corresponding cycles to failure (Nf) results in fatigue test are 

presented in the Wöhler diagram [23] in double-log or semi-log scale. A typical Wöhler 

diagram can be seen in Figure 4. Note that 1045 steel, there is a horizontal asymptote that 

starts at approximately 106 cycles, known as the endurance limit.  Such a limit is usually 

not observed in aluminum alloys, such as the 2024-T6 alloy.  Because there is no endurance 

limit in aluminum alloys, usually fatigue strength, σf, determined at 106-107 cycles is 

reported instead of endurance limit. 

The change in fatigue life, Nf, with stress amplitude, σa, is known to follow the Basquin 

law [24]: 

 σa=σf
' Nf

 b (4) 

where, σf
'  is fatigue strength coefficient and b is the Basquin exponent (also known as 

elastic exponent).  The Basquin law has been used to express the high cycle fatigue (HCF) 

behavior of metals.  Both Basquin parameters are strongly affected by the material [25], 

specimen geometry [26] as well as the type of test conducted [7].  The S-N curves for 4130 
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steel obtained with rotating beam and axial (R=-1) fatigue tests are presented in Figure 5.  

For the same stress amplitude, rotating beam test yields a higher fatigue life (cycles to 

failure). 

 

Figure 4. Typical Wöhler diagrams for 1045 steel and 2024 aluminum alloy.  Note that 

there is no endurance limit for 2024 [27]. 

 

 

 

Figure 5. Wöhler diagrams for 4130 steel obtained in axial and rotating beam fatigue testing 

[7]. Note that R = -1 in both cases. 
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2.4. The Effect of Mean Stress on S-N Curve 

Mean stress, and naturally stress ratio, has a significant effect on the HCF behavior [15, 

17].  The effect of mean stress on the S-N curve is shown schematically in Figure 6.  When 

the mean stress is compressive, fatigue life is longest for the same level of alternating stress.  

When mean stress is tension, fatigue life is lowest. For zero mean stress (R=-1), fatigue 

life is between the two other S-N curves [13]. 

 

Figure 6. The effect of mean stress on the S-N curve shown schematically [13]. 

 

In the literature, numerous correction methods are reported to account for the mean stress 

effect on fatigue test results. These models have been developed to modify the alternating 

stress and find the equivalent stress amplitude, σeq, at R=-1 or zero mean stress. Among 

those, most widely used ones are those developed by Soderberg [28], Walker [29] and 

Smith-Watson-Topper (SWT) [20]. Equivalent stress amplitudes for these models are 

given in Equations (5), (6) and (7), respectively: 
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σa

σeq

+
σm

σy

=1 (5) 

 σeq=σa (
2

1-R
)

γ

 (6) 

 σeq=√σa(σa+σm)=σa√
2

1-R
 (7) 

 

where γ is the Walker parameter, which is an empirical parameter that yields the best fit.  

The maximum stress versus fatigue life data for 6061-T6 aluminum alloy obtained at 

different R ratios is presented in Figure 7, along with fits obtained with γ=0.63 [30]. 

 

Figure 7. The effect of stress ratio, R, on Wöhler  curves in axial fatigue results of 6061-

T6 aluminum alloy [30]. 

 

Dowling [14] compared widely used methods and reported that the equation developed by 

Smith, Watson and Topper, Equation (7), was the most accurate for aluminum alloys.  
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However, there is no study in the literature, to the author’s knowledge, that was conducted 

to determine the value of the Walker parameter for cast aluminum alloys. 

2.5. Casting Defects and their Effect on Fatigue and Tensile Performance 

In aluminum castings, structural defects, namely oxide bifilms (folded oxide films 

entrained into the melt during the casting of the metal) and pores, are common as a result 

of poor melt quality and/or mold filling system design [31].  These structural defects have 

a deleterious effect on tensile strength and elongation [32, 33], as well as fatigue life [34-

37].  A pore that initiated a fatigue crack in a 319-aluminum alloy casting is presented in 

Figure 8.  Similarly, a pore and a folded-over surface oxide film (bifilm) found on the 

fracture surface of an A356 aluminum alloy casting are shown in Figure 9. 

 

Figure 8. Fatigue crack initiating pore near surface of a 319 aluminum alloy casting [38]. 
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Figure 9. Structural defects found on the fracture surface of an A356 alloy casting broken 

in tensile testing [32]. 

 

The effect of area fraction of pores, determined by metallographic analysis, on the 

elongation of A356-T6 alloy castings with a yield strength of 250 MPa is presented in 

Figure 10.  Note that 1% area fraction of porosity is sufficient to reduce elongation by 50%. 
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Figure 10. The effect of area fraction of pores (f) on elongation of A356 castings.  The 

expected defect-free elongation (eF(int)), as well as fits from two different models are also 

indicated [33]. 

 

One of the earliest studies on the effect of structural quality on the fatigue performance of 

cast aluminum alloys was conducted by Promisel [39] who characterized the degree of 

porosity in 295 alloy castings and determined eight distinct quality levels, with 1 as best 

structural quality and 8 as the worst.  The S-N curves for each quality level are presented 

in Figure 11, which shows that (a) S-N curves are shifted down with decreasing structural 

quality, (b) the Basquin exponent, b, is affected by the structural quality, and (c) fatigue 

strength at 107 cycles is strongly influenced by porosity level.  Wang et al. [40] showed 

that there is a strong relationship between σf at 107 cycles and the size of the largest pore 

in various Al-Si-Mg-(Cu) alloy castings, as presented in Figure 12.  Murakami [41-43] 

developed a model to predict fatigue strength, σf, based on the size of inclusions and 

Vickers hardness, Hv, of the steel: 

Tiryakioğlu 
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 σf=1.41
120+Hv

(√Ai)
1/6

 (8) 

 

Kobayashi and Matsui [44] showed that Murakami method can be used to predict fatigue 

strength of A356 aluminum alloy castings.  

 

Figure 11. The effect structural quality on the S-N curves of 295 alloy castings [39]. 

 

As the size of the structural defects get larger, fatigue strength is reduced.  As can be 

expected, fatigue life at a given alternating stress level is also negatively affected by the 

area of the largest structural defect, as presented in Figure 13. 
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Figure 12. The relationship between maximum pore size and fatigue strength at 107 cycles 

determined in various Al-Si-Mg-(Cu) aluminum alloy castings [40]. 

 

 

Figure 13. The change in fatigue life with area of the largest pore in A356 castings, obtained 

originally at three different alternating stress levels, later transformed to the same 

alternating stress  [45]. 
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The stress ratio of the fatigue test was also found to have an effect on the sensitivity of the 

fatigue strength at 107 cycles to the largest pore size in A356 alloy castings [46].  The 

interaction between the stress ratio and maximum pore size is shown in Figure 14.  When 

R=-1 (where, minimum stress is in compression maximum stress is in tension and they are 

equal), fatigue strength is not affected by maximum pore sizes smaller than 400 m. With 

increasing maximum pore size after 400 m, however, there is a sharp decrease in the 

fatigue strength.  At R=0 (where, minimum stress is zero and maximum stress is in tension), 

the sensitivity of fatigue strength to maximum pore size is starting at almost 50 m.  At 

pores sizes, larger than 400 m, fatigue strength is not affected by maximum pore size.  

Hence the behavior is completely opposite of each other at the two stress ratios.  This 

difference may be explained by the effect of the stress ratio at the driving force for crack 

propagation, as observed by Gall et al. [47] who conducted FEM analysis of fatigue 

behavior in the presence of pores and hard inclusions embedded in the metal matrix.  At 

R=-1, the contributions of pores and hard inclusions to driving force for crack propagation 

were identical.  At higher R ratios (tensile mean stress), however, the contribution of 

inclusions was twice of that of pores.   Therefore, there is evidence in the literature that 

fatigue behavior in the presence of structural defects, such as pores, is determined by the 

stress ratio.  Consequently, the assumption made in correction models for mean stress that 

fatigue behavior is the same regardless of R, is not valid for parts with low structural 

quality, such as castings. 
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Figure 14. The dependence of fatigue strength at 107 cycles on the largest defects size at 

two R ratios in A356 alloy castings: (a) R=-1, and (b) R=0 [46]. 

 

To fully understand how structural defects affect fatigue life and tensile properties 

especially elongation, it is important to understand the level of stress concentration that 

they cause.  Wicke et al. [48] used micro-computed tomography technique to determine 

the three dimensional geometry of two pores in an Al-13%Si-1.5%Cu-0.7%Mg alloy 

castings.  The geometry of one of the pores is given in Figure 15.  The geometries of the 
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pores were then used as an input to a finite element model (FEM) in which the stresses 

generated at the extremities were measured and stress concentration factor, Kt, was 

determined at each location.  Some of the Kt values are also reported in Figure 15.    Note 

that all reported stress concentration factors are above 7 and mostly around 10.  Kt values 

exceeding 7 were reported by Nicoletto et al. in a similar study [49].  These results indicate 

that although bulk stress may be below the yield strength, local stresses near the pore can 

easily exceed yield stress and even fracture stress, leading to the formation of a crack that 

propagates and leads to a premature final fracture.  

 

Figure 15. FEM results showing stress concentration factors, Kt, around a pore in an 

aluminum casting [48]. 

 

The areas near the stress concentrators experience a cyclic stress-strain hysteresis in each 

fatigue cycle, such as the ones shown schematically in Figure 16, which shows three 
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different curves at R=-1.  The area inside the hysteresis is the plastic energy absorbed by 

the material subjected to this condition.  Strong and brittle metals do not absorb much 

plastic energy per cycle.  Weak and ductile metals absorb more energy but undergo heavy 

deformation which lead to opening of the crack (propagation) after several cycles.  Most 

plastic energy is absorbed by “tough” metals which show a good combination of strength 

and ductility.  The level of the energy absorption is of significant importance and will be 

addressed in more detail in the following section. 

 

Figure 16. Schematic illustration of the cyclic stress-strain hysteresis for three metals: (1) 

strong and brittle, (2) weak and ductile, and (3) tough [50]. 

 

The cyclic stress-strain hysteresis at different points on the S-N curve are presented 

schematically in Figure 17.  At point 1, the material undergoes heavy local plastic 

deformation, leading to high energy absorption.  At point 2, the local stresses are lower due 
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the reduced alternation stress, and therefore, the hysteresis is not as wide.  At point 3, which 

is at the endurance limit, there is still small local plastic deformations, which lead to fatigue 

fracture.  At point 4, all deformation is elastic and therefore no propagating crack is formed, 

at least not before gigacycle fatigue lives are reached [51]. 

 

Figure 17. Schematic illustration of the Wöhler curve and the stress-strain hysteresis that 

take place around casting defects that lead to fatigue failure [52]. 

 

2.6. Energy Absorption in Fracture 

Failure in metals is the outcome of two competing modes: plastic deformation and fracture 

[53].  If the stress necessary for permanent deformation is lower than the stress necessary 

to permanently separate atoms, plastic flow occurs instead of fracture.  Tiryakioğlu et al. 

[54] stated, that from the point of view of maximizing resistance to failure, plastic 

deformation is a more preferable “failure” mode, since plastic flow preceding fracture 

markedly increases the energy accompanying the fracture. 
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The energy absorbed per volume by a specimen, W, (also referred to as the strain energy 

density) can be found by the area under the true stress-true strain curve: 

 W=∫ σ.dε

εf

ε=0

 (9) 

Alexopoulos and Tiryakioğlu [55] analyzed true stress-true strain curves in A357 alloy 

castings and showed that elongation to fracture is an excellent of the strain energy density, 

as shown in Figure 18. Similar results were reported for A206 aluminum alloy castings 

[56]. The cyclic stress-strain behavior is usually different from the one obtained in a tensile 

test [50].  However, the strain energy associated with the area under the tensile true stress-

strain curve and the area with the hysteresis during fatigue testing is the same material 

property [57].  Moreover, it was shown that the strain energy absorbed in tensile testing is 

the same as the one in fatigue testing [58-62].  Based on this principle, Esin and Jones [61] 

showed that fatigue life can be estimated by: 

 Nf =
W

wp

 (10) 

where wp is the micro-strain energy per cycle absorbed by the elements subjected to higher 

stresses, such as near pores.  The model was applied with great accuracy to predict the S-

N curve for a number of metals [59-61], including the En32b steel shown in Figure 19.  
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Figure 18. The relationship between elongation-to-fracture and strain energy density in 

A357 alloy castings [55]. 

 

Figure 19. The fatigue data for En32b steel and the model prediction [61]. 

 

The discussion above suggests that structural defects that reduce elongation (Figure 10), 

also reduce the strain energy available to be absorbed during fatigue testing, resulting in 

lower fatigue life, which is consistent with the findings in the literature (Figure 11 and 
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Figure 13).  More will be built on this point after the introduction of a metric to quantify 

the structural quality of aluminum castings. 

2.7. Concept of Ductility Potential and Quality Index, QT 

Tiryakioğlu and coworkers collected hundreds of data points from the aerospace and 

premium castings literature for Al-7Si-Mg, A206 and A201 [63-65] and plotted elongation 

versus yield strength, which is minimally affected by structural defects. The σy-eF plot for 

cast Al-7%Si-Mg alloys is presented in Figure 20 [64, 66].  

 

Figure 20. Elongation plotted versus yield strength for cast Al-7%Si-Mg alloys [64] 

The highest elongation points form a linear trend, which can be written as: 

 eF(max)=β
0
-β

1
σY (11) 

where β0 and β1 are alloy-dependent coefficients.  For Al-Si-Mg cast alloys, β0 and β1 are 

reported as 36.0 and 0.064 MPa-1, respectively. Equation (11) can be used to estimate the 

ductility potential of aluminum and magnesium alloy castings [64-69]. 
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The ductility potential was proposed [64, 66, 69]  as a metric to determine structural quality. 

The quality index, QT, can then be found by: 

 QT=
eF

eF(max)
=

eF
β0-β1σY

 (12) 

The application of QT to determine structural quality is shown schematically in Figure 21.  

 

Figure 21. Schematic illustration of the use of QT to determine structural quality [64]. 

 

Tiryakioğlu and Campbell [64] stated that there are three QT regions: “(1) QT < 0.25, (2) 

0.25 ≤ QT < 0.70, and (3) QT ≥0.70. Region 1, premature fracture is due to “old”, coarse 

oxide bifilms, i.e., the surface of re-melted castings, foundry returns and/or ingot. In this 

region, tensile specimens do not neck and fatigue failure starts from defects on or close to 

the specimen surface.  Region 2 (0.25 ≤QT<0.70) represents castings that are free from 

major “old” oxides but there is still a considerable density of “young” oxides, entrained 

into the casting during melt transfers and/or filling of the mold. Tensile specimens may 
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show some necking and there will be occasional fatigue failures initiating from internal 

defects with facets around them [36]. In Region 3 (0.70≤QT≤1.0), tensile specimens are 

expected to neck and deform significantly beyond ultimate tensile strength [70]. Moreover, 

fatigue fracture is predominantly due to internal defects, exhibiting facets on fracture 

surfaces.”  

In cast Al-7%Si-Mg alloys, Tiryakioğlu et al. [66] noticed that the tensile strength of 

maximum points in Figure 20 increases linearly with yield strength.  Based on this 

observation, they proposed that maximum tensile strength, ST(max) can be estimated by: 

 ST(max) = 185.7+0.558σY (13) 

2.8. The Relationship between Tensile Properties and Fatigue Characteristics 

Wöhler was the first to report that the ratio of fatigue strength to ultimate tensile strength 

ranged between 0.4 and 0.5 [23].  Recently, it was shown that σf / ST is not constant but is 

a linear function of ST [71, 72]. Pang et al. [71] also reported a linear relationship between 

fatigue strength and yield strength as well as strain energy density. 

Recently, Tiryakioğlu [73] analyzed the elongation and fatigue life data of A206-T7 

aluminum alloy castings obtained at R=0.1.  To normalize for yield strength differences 

between datasets, Tiryakioğlu converted elongation to QT and determined the average of 

QT and Nf distributions.  The relationship between average QT and Nf in A206 castings is 

presented in Figure 22.  The relationship is linear between QT and log(Nf) and can be 

written as: 

 log Nf =3.087Q
T
+4.73 (14) 
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Figure 22. The relationship between structural quality and expected (mean) fatigue life in 

A206 castings [73]. 

 

Extrapolation of QT to 1 yields 107.82, or 66 million cycles at a maximum stress that 

corresponds to 58% of yield strength of the alloy.  

Based on these results, Tiryakioğlu concluded that the elongation specifications, such as 

the ones in MIL-A-21180 D [5] can be interpreted as de facto fatigue life specifications. 
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2.9. Fatigue Life Prediction Models from Tensile Results 

Most models in the literature are built on the strain-based fatigue life. Equation (4) can be 

rewritten in terms of strain by dividing both sides of the equation with modulus of 

elasticity, E: 

 
∆εe

2
=

∆σ

2E
=

σf
'

E
Nf

b (15) 

where, ∆εe is the elastic strain range. The plastic strain amplitude can be found by the 

Coffin-Manson relationship [74, 75]: 

 
∆εp

2
=εf

' Nf
c (16) 

where ∆εp is the plastic strain range, εf
'  is fatigue ductility coefficient and c is plastic 

exponent.  Equations (15) and (16) can be combined to find the total strain equation: 

 
∆ε

2
=

∆εe

2
+

∆εp

2
=

σf
'

E
Nf

b+εf
' Nf

c (17) 

Equation (17) is plotted schematically for SAE 4340 steel in Figure 23. In Figure 23.a, 

cyclic stress-strain hysteresis at different points on the curve are also indicated, as in Figure 

17.  
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(a) 

 

(b) 

Figure 23. The two components of the total strain-life curve: (a) schematics, and (b) 

experimental data for SAE 4340 steel [50]. Note that 2 reversals = 1 cycle. 
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Manson [7] developed two different methods in 1965 by using data from sixty nine 

different alloys including steel and aluminum alloys. The first one, known as “universal 

slope method”, assumes the slopes of elastic and plastic lines to be -0.12 and -0.6, 

respectively. This method is referred to as “Method 1” in the present study.  The second 

one, known as “four-point correlation method”, estimates two points on both elastic and 

plastic lines. This method is referred to as “Method 2”.  Both methods are based on the use 

of tensile strength and reduction in areas.  These methods are summarized in Figure 24. 

Manson and Muralidharan [8] in 1988, revised the “universal-slope method” by changing 

the assumed elastic and plastic exponents to -0.09 and -0.56 after including more alloys. 

They also added the ratio of tensile strength to elastic modulus as a new parameter to 

determine fatigue strength and ductility coefficients.  This method is referred to as “Method 

3”. 

After observing significantly different slopes for different alloys, Baumel and Seeger [9] 

introduced two different methods to correlate monotonic and cyclic properties. They 

assumed a constant value of fatigue ductility coefficient along with constant elastic and 

plastic exponents for aluminum and titanium alloys.  Only that for aluminum alloys is 

considered in the present study, and will be referred to as “Method 4”. 

Meggiolaro and Castro [10], studied available methods statistically and provided the 

median values for the estimation methods as a new model (Method 5).  The summary for 

the HCF part of these estimation methods is given in Table 1.  For simplification, the 

reduction in area included in the original versions of these models was replaced by eF based 

on the observation by McLellan [76] that there is no evidence of necking for either A356-

T6 or A356-T7 alloy aerospace castings.  
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(a) 

 

(b) 

Figure 24. Methods of estimating total fatigue curves from tensile behavior, introduced by 

Manson [7]: (a) universal slopes, and (b) four points. 
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Table 1. Estimation methods for HCF properties. 

Method Reference σf
'  b 

1 [7] 1.9ST -0.12 

2 [7] 1.25ST(1+ln(1+eF))2
b
 

log(0.36 (1+ln(1+eF)⁄ )

5.6
 

3 [8] 0.623E (
ST

E
)

0.832

 -0.09 

4 [9] 1.67ST -0.095 

5 [10] 1.9ST -0.11 

 

Heywood [12] suggested a general formula (referred to as Method 6) based on the 

observation that tensile strength is related to fatigue strength:  

 σa

ST

=

1+

0.0031(
1
b

log (
σa

σf
' ))

4

1+0.0065ST

1+0.0031(
1
b

log(
σa

σf
' ))

4
 

(18) 

Even though his equation is valid for plain aluminum alloy specimens made from extruded 

sections and bars, it is still included in the present study for comparison purposes. 
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2.10. Estimating uniaxial fatigue behavior by rotating bending fatigue testing 

As presented in Figure 5, the S-N curves differ significantly even for the same material 

when data are obtained in different types of fatigue testing. The stresses developed in 

uniaxial and rotating beam fatigue tests are quite different; in uniaxial testing, stresses are 

mostly homogeneous across the cross-section of the specimen.  In rotating beam fatigue 

tests, stress is zero in the midpoint of the specimen and changes linearly from center to 

surface, where it reaches the maximum stress. 

It has been of interest to estimate the uniaxial fatigue performance from rotating beam 

fatigue tests.  Sors [77] indicated that the ratio of fatigue strengths in uniaxial to rotating 

bending fatigue tests is 0.59, supported by data from literature on various steels. 

Manson and Muralidharan [78] developed a methodology by taking the plastic flow into 

account and based on some material constants, suggested closed form equations to identify 

the true bending stresses in terms of axial stresses. Their model is described below. 

For Equation (17), fatigue life at the intersection point of the two lines NT (also known as 

transition life) as indicated in Figure 23, is given by: 

 NT=(
Eεf

'

σf
'
)

1 (b-c)⁄

 (19) 

For practical approach, the “universal-slope” method by Manson [7], which proposes 

elastic and plastic exponent values of -0.12 and -0.6, respectively, can be used to calculate, 

NT: 

  NT=0.0735 (
ST
E
)
-2.083

eF
1.25 (20) 
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Instead of using the known bending moment to calculate the strain, Manson and 

Muralidharan used strain to calculate required bending moment.  Consequently, they 

provided a correction factor between bending stress amplitude, σa | rb, and axial stress 

amplitude, σa | ax: 

 σa | ax=σa | rb

(

 
1+2(

Nf
NT
)
(c-b)

+(
Nf
NT
)
2(c-b)

1+f1 (
Nf
NT
)
(c-b)

+f2 (
Nf
NT
)
2(c-b)

)

  (21) 

where, 

 

 f1=
1+0.8432

c
b

0.6849+0.255
c
b

 (22) 

 f2=
2.6188

c
b

1+1.5411
c
b

 (23) 

Note that f1 and f2 depend on the geometry of the cross-section and are given here only for 

circular cross-sections.  Their results are in good agreement with the calculations made in 

the low-cyclic region. In the elastic region where volumetric effect plays an important role, 

Manson and Muralidharan noticed some discrepancy between bending and axial type 

fatigue stresses. 

Esin [79] studied micro-plasticity taking place due to stress distributions across the cross-

section of specimens.  By taking the volumetric effect into account, and using the macro-

micro element concept, Esin provided a model that could successfully correlate uniaxial 

and rotating beam fatigue testing results in the high-cyclic region in steels. According to 

Esin, the axial equivalent stress for a rotating beam is given by: 
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 σa | ax=
2σa | rb

3
(
1-k3

1-k2
) (24) 

where, 

 k=
d

D
 (25) 

D is the specimen diameter, and d is the diameter of the section of the specimen inside 

which stresses are lower than the endurance limit.  Esin also provided a correction factor 

for fatigue life: 

 F=
D2

(D2 − d
2)

 (26) 

 

 Nf | rb=Nf | ax.F (27) 

 

Even though the true elastic limit of steels was found to be below endurance limit [80], 

Esin suggested simply using the endurance limit as the true elastic limit for a practical 

approach. 

2.11. Statistics for Fracture Properties 

Because mechanical properties that involve fracture can be directly linked to casting 

defects, the Weibull distribution [81-83] based on the “weakest link” theory [84], has been 

used to characterize these properties. For the Weibull distribution, the cumulative 

probability function is expressed as:          

 P=1-exp [-V (
σ-σT

σ0

)
m

] (28) 
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where, P is the probability of failure at a given stress (or fatigue life) or lower, V is volume 

of the specimen subjected to stress, σT is the threshold value below which no failure is 

expected, σ0 is the scale parameter and m is the shape parameter, alternatively known as 

the Weibull modulus. Note that when σT = 0, Equation (28) reduces to the 2-parameter 

Weibull distribution. The mean of the Weibull distribution is found by: 

 σ=σT+σ0
' Γ (1+

1

m
) (29) 

where, m/1
00 V/ss  and Γ is the gamma function. The probability density function, f, for 

the Weibull distribution is expressed as: 

 f=
m

σ0
'
(

σ-σT

σ0
'
)

m-1

exp [- (
σ-σT

σT
'
)

m

] (30) 

When data come from more than one Weibull distribution, such as failure data due to 

different types of defects, Weibull mixtures are used.  The most common and applicable 

mixing technique for the Weibull distributions [85, 86] is: 

 f=pfL+(1-p)fU (31) 

 where p is the fraction of the lower distribution and subscripts L and U refer to lower and 

upper distributions, respectively. The cumulative probability, P, is expressed as [85]: 

 P=pPL+(1-p)PU (32) 
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2.12. Research Questions 

Based on the discussion presented above, the following questions will be addressed in 

this study: 

1. How well do Soderberg, Smith Watson Topper and Walker equations perform in 

cast aluminum alloys, especially in datasets with various levels of structural 

quality? Is the Walker parameter a function of structural quality? 

2. Tiryakioğlu used only three data points in Figure 22 to reach the conclusion that (a) 

there is a strong correlation between log(Nf) and QT, and (b) elongation 

specification in industrial standards are de facto fatigue life specifications.  Is there 

more evidence for this from the aerospace and automotive castings literature? 

3. How do methods to estimate HCF perform with aluminum castings?  If they do not 

perform well, can a new model for aluminum castings be developed? 

4. What is the fatigue performance of an A356-T6 casting in rotating beam and axial 

fatigue testing? Can axial fatigue be predicted from rotating beam fatigue test data? 

If so, what model among the existing ones provides the best fit? 

The first three questions will be answered by using data from the literature and questions 

4, by analyzing data collected in this study. 
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3. Details and Results of the Analysis of Data from Literature 

3.1. Evaluation of Mean Stress Correction Models [19] 

The effectiveness of the mean stress correction equations by Soderberg, Smith-Watson-

Topper (SWT) and Walker (Equations 5-7) is investigated in this section.  Note that there 

are other mean stress correction equations in the literature that involve ultimate tensile 

strength, such as the one by Goodman [87].  These equations were found to be ineffective 

previously [17].  Consequently, those equations that use ultimate tensile strength are not 

addressed here. 

Data from six studies [34, 88-92] involving seven datasets of cast Al7%Si-Mg alloys 

published in the literature with various R ratios have been reanalyzed [19].  The datasets 

used in this analysis are as follows: 

 Wang et al. [34] used Sr-modified A356 casting alloy in T6 heat treatment 

condition to study the influence of casting defects on the room temperature fatigue 

performance by using unnotched polished cylindrical specimens. R ratio of 0.1 and 

-1 have been included in the study.  

 Jana et al. [88] studied cast F357 (Be-free variant of A357) plates of ~3.3mm 

thickness to investigate the effect of friction stir processing (FSP) on fatigue life of 

sand castings. Fatigue tests were run at stress ratio of R=0 and R=-1. The FSP 

dataset has a total number of seventeen fatigue life data with one run-out.  

 Oswalt [89] investigated unchilled test bars of 357-T6 alloy to determine the 

notched fatigue strength.  R ratios of 0.2 and -1 were used in the study.  
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 Koutiri et al. [90] studied the high-cycle fatigue behavior of cast hypo-eutectic Al-

Si alloy to investigate the fatigue damage mechanisms under complex loading 

conditions with different load ratios.  

 Mu et al. [91] used AS7G06 (A357) cast aluminum alloy in T6 heat treatment 

condition for two different R ratios to analyze types of defects at the origin of the 

failure.  

 Munoz [92] focused on A357-T6 cast aluminum alloy to investigate the effect of 

the material microstructural parameters that affect the small fatigue cracks. R ratio 

of 0.1 and -1 have been included in the study. 

The analysis conducted in this study [19]incorporated a maximum likelihood (ML) method 

developed by Sarkani et al. [93] and censored Weibull analysis. The details of the model 

by Sarkani et al. are summarized in Appendix.  To the author’s knowledge, such a study 

with the correct treatment of survival data has not been conducted before. 

The sequence of steps taken in the analyses are presented in the flowchart in Figure 25. For 

the datasets, which include run-outs, Basquin parameters were estimated by the ML 

method. Linear fits were obtained to log (Nf) vs. log(σeq) data to estimate σf
` and b in the 

Basquin equation and the coefficient of determination, R2, was calculated for each linear 

fit. Since the SWT and Walker equations give identical results with γ = 0.5, the initial 

estimate of adjustable constant was taken as 0.5 and the value of γ that yields the highest 

R2 was determined for each dataset [19]. The equivalent fatigue life, Neq, at R=-1 and 

σa=100 MPa was found by: 
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Figure 25. The flowchart of the analysis conducted for mean stress correction [19]. 
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 Neq=Nf (
σa

σeq

)

-1 b⁄

 (33) 

Weibull probability plots of Neq were analyzed and interpreted based on guidelines 

recommended by Tiryakioğlu and Campbell [86].  

Estimated Basquin parameters and associated R2 values, the value of the Walker parameter 

as well as the estimated Weibull parameters for Neq are provided in Table 2.  

Table 2. Estimated parameters and additional information about datasets. 

Alloy Ref. 
Correction 

Equation 

γ Basquin  R2 Weibull 

σf
'  (MPa) b σT σ0 m 

A356 [34] 
Soderberg  1,697.5 -0.232 0.509 2,220 1,915,4

22 

0.33 

SWT  602 -0.120 0.605 2,801 2,167,0

09 

0.31 

Walker 0.501 601 -0.120 0.606 2,818 2,174,5

80 

0.31 

F357 

(FSP) 

 

[88] 

Soderberg  1,764 -0.212 0.962 506,481 322,914 1.38 

SWT  1,512 -0.199 0.984 572,960 290,993 2.15 

Walker 0.530 1,529 -0.201 0.985 479,778 352,628 2.75 

F357 

(Sand Cast) 

Soderberg  2,472 -0.229 0.932 0 1,415,4

70 

3.58 

SWT  2,006 -0.213 0.967 0 1,572,8

94 

5.06 

Walker 0.380 1,877 -0.205 0.986 0 316,093 0.80 

357 

(aerospace) 

[89] 
Soderberg  1,735 -0.261 0.801 7,161 72,381 0.70 

SWT  975 -0.213 0.858 9,994 51,467 0.91 

Walker 0.476 989 -0.213 0.860 11,233 52,813 0.91 

A356 

+0.5Cu 

[90] 
Soderberg  595 -0.12 0.131 40,192 5,499,9

11 

0.47 

SWT  1,109 -0.185 0.787 236,288 206,760 0.68 

Walker 0.481 1,061 -0.180 0.791 262,063 258,195 0.72 

A357 [91] 
Soderberg  648 -0.126 0.639 0 3,843,4

90 

1.71 

SWT  481 -0.105 0.654 0 4,827,7

88 

1.51 

Walker 0.473 480 -0.104 0.657 0 5,222,4

93 

1.55 

A357 [92] 
Soderberg  1,298 -0.215 0.589 0 2,040,0

54 

1.31 

SWT  741 -0.140 0.752 0 2,469,4

02 

1.39 

Walker 0.461 768 -0.141 0.770 0 2,822,5

11 

1.41 
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The results show that the Walker method provides better fits [19], as indicated by higher 

R2 values, than the Soderberg and SWT methods. This result can be attributed to its 

adjustable constant, γ. 

The S-N curves for the sand-cast F357, friction stir-processed F357 and A357 after Walker 

corrections are presented in Figure 26.  For all three datasets, fatigue life data, originally 

obtained at R=0, are corrected, and subsequently lie almost perfectly on the Basquin curves 

for R=-1. 

  

 

(a) 
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(b) 

 

(c) 

Figure 26. The S-N curves at R=-1 after Walker mean stress correction for (a) sand cast 

F357 by Jana et al., (b) A357 by Mu et al., and (c) friction stir processed F357 by Jana 

et al.  The original data for R=0 as well as their correction are also indicated. 
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The probability density functions of the Weibull distributions corresponding to the three 

mean stress correction methods for friction stir processed F357 and aerospace 357 castings 

are results are presented in Figure 27 for the four datasets. Note that the total area under 

each curve is 1.0 although areas look different in size because of the use of logarithmic 

scale for the x-axis. It is significant in Figure 27 that the distribution is affected to a great 

extent by the selection of the mean stress correction method. This is especially the case for 

the friction stir processed F357; in Figure 27.a, the shape of the distribution for the 

Soderberg correction is significantly different from the other two distributions for the same 

dataset.  In Figure 27.b, although the distributions look similar, the threshold values 

(vertical lines) are strongly affected by the mean stress correction method [19]. 

To determine whether the value of γ is affected by the structural quality of the castings, 

tensile properties from each dataset were collected.  The reported tensile properties and the 

QT values calculated for each dataset are given in Table 3.  The QT versus γ plots is 

presented in Figure 28.  Note that there is strong evidence that the Walker parameter is 

affected by the structural quality of aluminum castings.  The best fit curve indicated in 

Figure 28 is expressed as: 

  γ=0.540+0.1272.log(Q
T
) (34) 

with a R2=0.965.  In the literature, the Walker parameter is regarded as a material property.  

However, the effect of QT on the Walker parameter found in this study indicates that γ, at 

least, includes the quality of the material and therefore has an extrinsic component.  
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Figure 27. Probability density functions for Neq obtained after mean stress correction by 

the three models for (a) friction-stir processed F357-T6, (b) 357-T6 aerospace alloy 

datasets [19]. 

  

a

b
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Table 3. Tensile properties and structural quality, QT (calculated by using Eq. (12) , for 

each dataset. 

 Ref. σy (MPa) ST (MPa) eF (%) QT 

A356 [34] 240 300 10.0 0.485 

F357 (FSP) 
[88] 

290 330 15.0 0.860 

F357 (Sand Cast) 290 300 1.0 0.057 

357 (aerospace) [89] 303 351 4.8 0.289 

A356+0.5Cu [90] 250 330 5.7 0.285 

 
A357 [91] 275 335 5.0 0.272 

A357 [92] 275 335 6.0 0.326 

 

 
Figure 28. The change in γ as a function of QT. 

 

 

That structural quality affects the Walker parameter has implications for aluminum castings 

with low quality levels, which are a vast majority of castings in service [66]. Equation (6) 

can be rewritten as: 
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σeq

σmax

= (
1-R

2
)

γ

 (35) 

The plot of Equation (35) with γ calculated from Equation (34) for three R ratios and QT 

levels between 0 and 1 is presented in Figure 29.  Note that with decreasing quality level, 

the equivalent alternating stress approaches σmax regardless of the stress ratio.  Moreover, 

the fatigue properties of low quality castings are less sensitive to the stress ratio of the 

fatigue test.  That is why the tensile test results of aluminum castings should be reported 

along with fatigue performance in all studies for better interpretation of the experimental 

data. 

 
Figure 29. The effect of quality index and R-ratio on the equivalent stress-to-maximum 

stress ratio.  
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3.2. Relationships between QT and Nf distributions 

To determine whether there is more evidence for a relationship between QT and Nf 

distributions, data from four studies on the 319 alloy, used heavily in automotive 

applications, and data from one study on B201 and D357 alloys, used in aerospace 

applications have been reanalyzed. 

3.2.1. 319 Aluminum Alloy Castings 

The details of the datasets reanalyzed in this study are as follows: 

 Boileau [94] conducted experiments to determine the effects of solidification time 

and heat treatment on tensile and fatigue properties of W319 type cast aluminum 

alloys. Dendrite arm spacing (DAS) was used as a measure of solidification time 

and ranged between 10-100 µm in wedge-shaped casting. Three groups of 

rectangular blanks taken from various locations of the castings which were 

subsequently heat treated to T6 or T7 tempers. At least four tensile specimens were 

tested for each DAS and heat treatment combination. Fatigue tests were conducted 

at R = -1, at stress amplitude (sa) levels ranging from 31.0 to 180.5 MPa. A total of 

280 fatigue test results were provided in the original study. The fatigue life data 

from hot iso-statically pressed (HIP) specimens were not included in the present 

study because (i) those datasets had a low number of test results so that 

methodology followed in this study could not be applied, and (ii) there was 

evidence that HIP resulted in mixed distributions, which is consistent with results 

from previous studies on fatigue life of cast aluminum alloys [64, 85]. Therefore, 

only 174 of the results were used in the present study. 
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 Byczynski [95] produced sand castings with and without a ceramic foam filter in 

the filling system to determine the effects of surface oxide bifilms entrained into 

the casting during mold filling on fatigue life. Fifty-eight fatigue tests were 

performed at room temperature at an R ratio of 0.1, with a stress amplitude of 67.5 

MPa. Byczynski also determined the tensile properties in these two conditions by 

testing 25 specimens for each dataset. 

 Chaudhury et al. [96] used 319 aluminum alloy heat treated to T5, T6 and T7. Seven 

datasets were produced by altering the hold time and furnace type. Eighty-nine 

fatigue tests were performed at R = -1 with stress amplitude levels ranging from 

70.0 to 180.0 MPa. For each condition, one tensile test result was provided [97]. 

 Zhu [98] used commercially available E319 type aluminum alloy heat treated to T7 

and conducted 94 fatigue tests at R = -1, with stress amplitude levels ranging from 

70.0 to 160.0 MPa at temperatures of 20, 150 and 250oC. Only the thirty-eight 

fatigue test results obtained at 20oC have been included in the present study due to 

effects of temperature [99].  

Details for heat treatment conditions from different studies are summarized in Table 4. 

The strength coefficients and Basquin exponents estimated by using the methodology 

developed by Sarkani et al. are provided in Table 5. The b values in Table 5 are consistent 

with those provided in the literature for cast Al-Si-Mg alloys [100]. The S-N curves for 

three datasets, namely ‘70µm DAS, T7B’ [94], ‘R’ [96] and ‘T7’ [98] are provided in 

Figure 30, with runouts indicated with arrows. Note that the estimated σfʹ and b values 

provided respectable fits to the experimental data.  
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Table 4. Summary of heat treatment sequences for specimens in the four studies. 

Ref. Temper 
Solution 

Treatment 
Quench 

Aging 

Treatment 

[94] 
T6 8 hours at 495oC BWQ 5 hours at 190oC 

T7 8 hours at 495oC BWQ 4 hours at 260oC 

[95] T6 
4.5 hours at 

500oC 
CWQ 

19 hours hold at 

RT + 4 hours at 

260oC 

[96] 

T7 (Group A) 2 hours at 498oC FB (RT) 4 hours at 240oC  

T6 (Group B) 2 hours at 498oC FB (RT) 4 hours at 210oC  

T7 (Group C) 2 hours at 498oC FB (RT) 
1.5 hours at 

250oC (FB) 

T7 (Group D) 8 hours at 498oC FB (RT) 
1.5 hours at 

250oC (FB) 

T6 (Group E) 2 hours at 498oC FB (RT) 
1.5 hours at 

230oC (FB) 

T6 (Group F) 8 hours at 498oC FB (RT) 
1.5 hours at 

230oC (FB) 

T5 (Group R) †† †† 4 hours at 210oC  

[98] T7 8 hours at 495oC BWQ 4 hours at 260oC 

 BWQ: boiling water quench, CWQ: cold water quench, FB: fluidized bed, RT: 

room temperature 

 

All fatigue life data used in this study were transformed by using Eq. (33) to an equivalent 

fatigue life at a stress level amplitude of 100 MPa and R =-1.  For fatigue life data with 

runouts, the Weibull distribution parameters have been estimated by using the linear 

regression technique and the plotting position formula developed by Kaplan and Meier 

[101] for censored samples.  
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Table 5. Relevant information and estimated Basquin coefficients for all datasets. 

Dataset Ref. Group 
# of  

data points 

# of  

runouts 
σfʹ (MPa) b 

Boileau [94] 

23µm DAS, T6 25 11 460.8 -0.087 

70µm DAS, T6 23 2 1092.9 -0.199 

100µm DAS, T6 29 5 770.2 -0.178 

23µm DAS, T7 25 3 427.6 -0.099 

60µm DAS, T7 17 3 419.5 -0.118 

70µm DAS, T7 27 5 412.0 -0.123 

100µm DAS, T7 28 2 360.6 -0.131 

Byczynski [95] 
Filtered 31 1 † † 

Unfiltered 27 1 † † 

Chaudhury [96] 

A 17 3 425.4 -0.099 

B 17 3 570.8 -0.117 

C 10 3 469.2 -0.112 

D 10 2 497.4 -0.116 

E 10 3 465.9 -0.109 

F 9 1 728.6 -0.136 

R 16 2 548.8 -0.125 

Zhu [98] T7 28 4 412.6 -0.102 

   † Fatigue tests were conducted at constant stress amplitude level. Therefore, 

coefficients of Basquin could not be estimated. 
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(a) 

 

 

(b) 
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(c) 

 

Figure 30. S-N curve of (a) 70µm DAS, T7 [94], (b) R, T5 [96], (c) T7 [98] datasets. 

 

Estimated Weibull parameters for all fatigue life datasets are given in Table 6. The 

coefficient of determination for all fits obtained by the linear regression model exceed the 

critical R2 values for respective sample sizes [102]. Therefore, Weibull fits cannot be 

rejected.  The Weibull probability plots for the T6 and T7 datasets from Boileau are 

provided in Figure 31. Note that the Weibull fits are excellent to the experimental data as 

well as the runouts, which are not indicated in Figure 31.  
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Table 6. Estimated Weibull parameters for all datasets. 

Dataset 
Ref. Group m N0/V1/m Neq

̅̅ ̅̅̅ 

Boileau [94] 

23µm DAS, T6 0.815 41,690,985 46,632,271 

70µm DAS, T6 1.912 163,933 145,439 

100µm DAS, T6 1.147 94,778 90,273 

23µm DAS, T7 1.138 2,239,343 2,137,868 

60µm DAS, T7 1.306 165,033 152,278 

70µm DAS, T7 2.020 96,051 85,109 

100µm DAS, T7 1.504 17,471 15,767 

Byczynski [95] 
Filtered 1.174 611,809 578,914 

Unfiltered 1.539 718,117 646,357 

Chaudhury [96] 

A 1.201 2,067,435 1,944,370 

B 1.519 2,692,600 2,427,151 

C 1.281 1,038,128 961,672 

D 1.299 1,045,690 965,926 

E 1.334 1,516,528 1,393,581 

F 2.944 1,998,149 1,782,855 

R 1.731 791,472 705,363 

Zhu [98] T7 1.376 1,011,639 924,669 
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(a) 

 

(b) 

 

Figure 31. Weibull probability plots of Boileau's (a) T6 and (b) T7 datasets. 
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It should be noted that in all datasets except for those of Byczynski, tensile data were 

provided as either an average or results from only one tensile test were reported in the 

original studies. Consequently, Weibull distributions could only be fit to quality index data 

of Byczynski. For the filtered and unfiltered castings, the Weibull modulus has been 

estimated as 6.055 and 5.579, respectively.  The mean QT for filtered and unfiltered 

castings are 0.073 and 0.068, respectively.  

Effective volumes of each specimen used in the four studies are provided in the Table 7. 

Volumetric correction has been made by:  

 x1̅=x2̅ (
V2
V1
)
1/m

 (36) 

for V=308 and 1021 mm3 as the reference values for fatigue and tensile specimens, 

respectively, as used by Boileau.  For the analysis of tensile data, quality index (Equation 

1) was calculated by using 0 and 1 of 36 and 0.064 MPa-1 [64] respectively, for cast Al-

Si-Mg alloys. For correction of QT values, it has been assumed that (i) all elongation data 

follow the Weibull distribution, which is consistent with the literature [86, 103], and (ii) 

Weibull modulus for all datasets are 5.58, as reported above for unfiltered castings by 

Byczynski. 

The relationship between mean QT and mean Nf is given in Figure 32. Data indicate a linear 

relationship when fatigue life mean is presented logarithmically, similar to what was 

reported for A206 [73]. The best-fit equation for the relationship is: 

 log (Neq̅̅ ̅̅̅)=9.41QT̅̅̅̅ +4.93 (37) 
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Table 7. Effective volumes of specimens used in the studies. 

Dataset Ref. 

Fatigue Specimen  Tensile Specimen 

Diameter 

(mm) 

Gage 

Length 

(mm) 

Eff. 

Volume 

(mm3) 
 

Dimension 

(mm) 

Gage 

Length 

(mm) 

Eff. 

Volume 

(mm3) 

Boileau [94] 5.1 15.2 308.1  6.4† 31.8 1,021.4 

Byczynski [95] 5.0 15.0 294.5  12.5† 50.0 6,135.9 

Chaudhury [96] 6.4 12.7 402.2  6.4×5.1†† 25.4 819.4 

Zhu [98] 5.0 15.0 294.5  12.5† 50.0 6,135.9 

   †   Diameter 

  †† Length × Width 
 

 

Figure 32. The relationship between expected (mean) quality index and fatigue life. 

 

That a common relationship between quality index and fatigue life in data collected in four 

independent studies is astonishing.  The strong relationship between elongation or QT, and 

fatigue life identified in the study can be interpreted as follows; it is well known that fatigue 
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life consists of crack initiation (Ni), crack propagation (Np), and rapid fracture. In many 

studies on fatigue behavior of cast aluminum alloys, Ni was found to be almost zero [104-

107]; cracks started to propagate from casting defects almost immediately after fatigue 

testing started. Therefore, it is common to assume that Ni=0 for aluminum alloy castings 

[108]. However, Jiang et al. [109] found that crack initiation phase can be as high as ~60% 

of total fatigue life in A356 aluminum alloy castings. They also noted that any 

improvement in the total fatigue life will most likely be due to longer initiation phase 

because once the crack reaches a certain size, crack propagation rate was found to be 

similar in specimens with varying duration of crack initiation phases. Farahmand and 

Nikbin [110] analyzed how ΔKth, the threshold in crack propagation, increases linearly with 

elongation in various alloys and found that fatigue initiation value increases with 

elongation of the alloys. Hence, a specimen with a higher structural quality can be expected 

to have a longer Ni, as suggested by Jiang et al. This is consistent with the results of Han 

et al. [111] who compared the fatigue crack growth rates for A356 at three different 

elongation (QT) levels. With increasing QT, they found the ΔKth to increase, as suggested 

by Farahmand and Nikbin. They also showed that crack propagation rate is slightly slower 

in the specimen with a higher QT. Rading et al. [106] observed that fatigue cracks in 206 

aluminum alloy castings propagated much more rapidly when they encountered oxide 

bifilms. Therefore, a lower number of oxide bifilms (higher structural quality) should result 

in a lower crack propagation rate. 

It should be noted that Equation (37) can be used to estimate fatigue life at R=-1 and σa=100 

MPa for QT≤0.30.  For extrapolation to larger QT values, Equation (37) will overestimate 

the expected fatigue life.  This can be explained as follows. At low structural quality values, 
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failure will be initiated by a defect that is connected to the surface. With increasing 

structural quality (i.e., smaller defect density and smaller defect size), the probability that 

fatigue failure is initiated by a defect that is subsurface, rather than on surface, increases 

[73]. Recent studies [112-118] have shown that there are different S-N curves for fracture 

initiation from defects on the surface and subsurface. Consequently, the extrapolation of 

Nf on higher values of QT must be up to a certain quality level, after which a different mode 

of failure is expected, such as fatigue crack initiation in subsurface defects. Nevertheless, 

at QT=1, it can be argued that specimens will have no surface or subsurface defects, leading 

to an expected fatigue life of at least 2.2×1014, which, in practice, can be considered infinite 

fatigue life.  More research on fatigue performance of 319 alloy specimens with high 

structural quality levels is needed.  

Kun et al. [25] investigated the physical meaning of the Basquin exponent and concluded 

that it is a measure of the degradation taking place at the micro-level.  Therefore, a higher 

structural quality would result in lower degradation with cycles, leading to a higher b value, 

which is consistent with experimental results reported for cast Al-Si-Mg alloys [119]. 
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3.2.2. D357 and B201 Aluminum Alloy Castings [1, 120] 

Four datasets reported by Ozelton et al. [121] who investigated the durability and damage 

tolerance for D357-T6 and B201-T7 cast aluminum alloys were reanalyzed in this study. 

For both alloys, two solidification rates based on the pour temperature and the chill material 

were used. The experimental details for “slow” and “fast” cooled specimens are given in 

Table 8. 

Table 8. Experimental design used by Ozelton et al. for D357 and B201 castings. 

 

 D357-T6 B201-T7 

Solidification Rate Slow Fast Slow Fast 

Pouring T (oC) 782 748 787 732 

Chill Material Iron Copper Iron Copper 

 

Ozelton et al. performed tensile and fatigue tests in accordance with the ASTM B557 and 

ASTM E466, respectively. The geometry of the fatigue specimen was carefully selected to 

mimic aircraft components with holes where fatigue cracks are usually initiated due to 

stress concentrations. In total, 170 fatigue life and 165 tensile test results obtained by 

Ozelton et al. have been re-evaluated in the investigation [1, 120]. It is significant that there 

were no fatigue run-outs in the datasets. 

The dot-plot for elongation data for D357-T6 and B201-T7 castings is presented in Figure 

33. Note in Figure 33.a that the highest data for “fast” solidification is higher than in “slow” 

solidification, although minimum data in both datasets are similar. Hence the scatter is 

higher in “fast” solidification D357 castings. In Figure 33.b, the elongation data for “fast” 

B201-T7 castings are only slightly higher than in “slow” castings. Moreover, there is an 

apparent gap in both datasets, as indicated in Figure 33.b. 



59 

 

 

 
Figure 33. Dot-plot for elongation data of “slow” and “fast” specimens for (a) D357-

T6 and (b) B201-T7 aluminum alloy castings [1, 120]. 

 

The fatigue life data for the two aluminum alloy castings are presented in Figure 34. For 

D357, minimum data are almost identical for “slow” and “fast” castings, Figure 34.a. 

However longest fatigue life is significantly higher for “fast” castings. As in elongation, 

fatigue life data in B201 aluminum alloy castings have a significant gap, as shown in Figure 

34.b.  The gaps in datasets are an indication that data have been collected from two distinct 
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distributions.  Hence, there is evidence that there is a mixture of at least two distributions 

in elongation and fatigue life data for B201-T7 aluminum alloy castings [1, 120]. 

 

 

 
Figure 34. Dot-plot for fatigue life of “slow” and “fast” specimens for (a) D357-T6 

and (b) B201-T7 aluminum alloy castings [1, 120]. 

 

Tensile data were transformed to QT by using the β0 and β1 of 36 and 0.064MPa-1 for 

D357 [64]  and 34.5 and 0.047MPa-1 for B201 [67], respectively. Weibull distributions 

with both two and three parameters have been fitted to the tensile and fatigue life data by 
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using the maximum likelihood method.  Estimated Weibull parameters for each dataset 

are given in Table 9.  Note that for B201, fatigue life and quality index data were found 

to have Weibull mixtures, as indicated in Table 9. 

 

Table 9. Estimated Weibull parameters for QT and Nf for D357 and B201 castings. 

Alloy 
Solid. 

Rate 

Distribution 

Tag 

Weibull parameters 

p σT σ0 m 

D
3
5
7
-T

6
 

Slow 
QT 

 

0.077 0.239 1.52 

Nf 37,291 57,340 1.43 

Fast 
QT 0.010 0.433 2.27 

Nf 38,688 120,966 0.74 

B
2
0
1

-T
7
 

Slow 

QT 
Lower 

0.250 
0 0.066 1.13 

Upper 0.179 0.234 1.34 

Nf 
Lower 

0.114 
26,351 16,963 1.62 

Upper 67,720 90,284 0.82 

Fast 

QT 
Lower 

0.188 
0 0.200 4.79 

Upper 0 0.623 6.26 

Nf 

Lower 

0.281 

51,372 18,730 0.95 

Upper 
113,61

0 
58,081 0.57 

 

The Weibull probability plots for QT and Nf for D357-T6 aluminum alloy castings are 

presented in Figure 35.  Fits indicated by the two curves in Figure 35 are in close 

agreement with the data. The goodness-of-fit of the estimated parameters was tested by 

using the Anderson-Darling statistic [122]. In all cases, the hypothesis that the data come 

from the fitted Weibull distributions could not be rejected. Note in Figure 35.a that the QT 

data for fast-cooled castings fall on almost a straight line, which indicates that the 

threshold is close to zero (0.010), Table 9. The data for slow-cooled castings indicate a 

curve relationship which is indicative of a positive threshold. Moreover, both fatigue life 

distributions have almost the same threshold.  Because lowest fatigue life in a distribution 

is determined by the largest defects possible in specimens [86], the size of the largest 
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defects is almost the same in “fast” and “slow” datasets, regardless of how fast the metal 

solidified [1, 120]. 

 

 

 

Figure 35. Weibull probability plots of (a) QT and (b) Nf in D357-T6 aluminum alloy 

castings [1, 120]. 

  

(a)

(b)
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The Weibull probability plots for QT and Nf for B201-T7 aluminum alloy castings are 

provided in Figure 36.  Note that for both QT and Nf, there are inflection points in the 

probability plots which are indicative of Weibull mixtures [85, 86, 123].  Consequently, 

lower and upper Weibull distributions were fitted separately and mixed by using Equation 

(32).  

 

 

Figure 36. Weibull probability plots for (a) QT and (b) Nf in B201-T7 aluminum 

alloy castings [1, 120]. 

 

(a)

(b)
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That both QT and Nf data for B201 aluminum alloy castings showed Weibull mixtures is 

noteworthy. Analysis of fracture surfaces in A206-T7 aluminum alloy castings showed [73, 

124, 125] that the lower distribution for elongation was attributed to the “old”, coarse oxide 

bifilms that were generated during previous melt processing or were on the skin of the 

ingots. For fatigue life, the lower distribution is due to the fatigue crack initiation at surface 

defects. The two lower distributions are linked because the probability that a defect will be 

on the surface of the fatigue specimen increases with its size and number density [73]. 

Hence, premature fracture in fatigue must be accompanied by low elongation, or 

alternatively, QT. As expected, increased solidification rate has a positive effect on both QT 

and Nf. It is also noteworthy that the improvement is most significant in the lower 

distributions. Moreover, the lower distributions remain significantly separated from the 

upper distributions [1, 120], showing that chilling is a much less effective way to improve 

properties than eliminating structural defects, mainly bifilms and pores. It has been only 

recently understood [31, 126] that the degradation of and variability in the mechanical 

properties of castings are related to these very defects that are incorporated into the bulk of 

the liquid by an entrainment process, in which the surface oxide folds over itself.  In most 

steel castings, the oxide has a significantly lower density than the metal, and therefore 

floats to the surface quickly, leaving the metal relatively free of defects. In aluminum 

alloys, the folded oxide has practically neutral buoyancy, so that defects tend to remain in 

suspension. The layer of air in the folded oxide can (i) grow into a pore as a result of the 

negative pressure due to contraction of the solidifying metal and/or rejection of gases, 

originally dissolved in liquid metal, upon solidification, or (ii) remain as an un-bonded 
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surface, like a crack, in the solidified alloy, which usually serves as heterogeneous 

nucleation sites for intermetallic. 

Prior studies [34, 35, 40, 103, 127, 128] have shown that there are multiple types of defects 

in castings, including bifilms and pores associated with bifilms. From a process viewpoint, 

it is not surprising to find Weibull plots for tensile data that reveal at least two populations 

of defects [86]: 

1. the original rather fine scattering of defects remaining in suspension in the original 

poured liquid from the crucible or ladle (prior damage). These “old” bifilms have a 

typical minimum thickness of approximately 10 μm and show only coarse wrinkles. 

2. the large new bifilms (new damage) that would have been produced during the melt 

transfer and/or pouring and filling if the filling system was not designed properly.  

These “young” oxides have a minimum thickness of tens of nanometers or less and 

show fine wrinkles on fracture surfaces of castings. 

The probability density functions for QT and corresponding Nf distributions are presented 

in Figure 37. The different shapes of Nf distributions are a product of the use of the 3-

parameter version of the Weibull distribution and the value of the shape parameter; when 

m≤1, the shape of the 3-parameter Weibull distribution resembles that of an exponential 

decay curve [1, 120]. 

The expected (mean) values for all six distributions were calculated by using Equation (29) 

and the estimated Weibull parameters in Table 9. As stated above, the lower distributions 

in QT and Nf in B201 were associated with each other. The relationship between expected 

QT and Nf values is presented in Figure 38.  
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Figure 37. Probability density functions for QT and corresponding probability density 

functions for Nf for (a) D357 and (b) B201 aluminum alloy castings [1, 120]. 

 

Similar to what was reported for A206-T7 aluminum alloy castings [73] and the results for 

319 reported above, a linear relationship was observed between expected QT and the 

logarithm of expected fatigue life. The best fit line indicated with dashed lines in Figure 38 

has the following equation: 

(a)

(b)
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Tf Q46.157.4)Nlog(       (38) 

 

Figure 38. Relationship between the means of QT and Nf distributions [1, 120]. 

 

Note that the best fit equation estimates approximately 106 cycles when the specimen could 

reach the maximum quality (defect free condition). Therefore, fatigue life of aerospace 

castings can be extended by at least six times if structural defects are eliminated.  It is also 

noteworthy that two alloys with different microstructures could follow the same trend; 

B201 has an aluminum matrix with Cu, Mg and Ag providing the strengthening phase.  

D357 has 7wt.%Si, resulting in eutectic Si phase, based on which the alloy can be 

interpreted as an in-situ metal matrix composite.  Hence it is possible that the difference in 

trendlines in Figure 32 and Figure 38 is due to different specimen geometries used in these 

studies.  More research is needed to validate this point. 

The proportions of the QT distributions in all three regions as well as the probability of 

survival after 105 cycles were calculated by using estimated Weibull parameters in Table 

9. The results are presented in  

Table 10. The proportion of Region 1 (QT≤0.25) versus probability of Nf>105 is plotted in 

Figure 39.a. Clearly, probability of survival after 105 cycles decreases significantly with 
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the proportion of castings in Region 1 [1, 120]. A similarly strong relationship between the 

probability of survival after 105 cycles versus the proportion of castings in Region 3 

(QT>0.70) is presented in Figure 39.b. As the casting quality is improved, probability of 

survival also increases, as can be expected. Hence there is strong evidence in Figure 39, as 

well as in Figure 38, that elongation (quality index) and fatigue performance are related; 

(i) there is a strong correlation between mean values, and (ii) the probability of survival is 

directly linked to the proportion of the elongation distribution in Region 1 and Region 3. 

Therefore, the statement that the elongation requirement in industrial specifications is a de 

facto fatigue life specification is justified.  

 

Table 10. Fraction of distributions for QT in each region and probability of survival at 105 

cycles. 

 

   P(QT≤0.25) P(0.25≤QT<0.70) P(QT≥0.70) P(Nf≥105) 

D357 
Slow  0.458 0.529 0.014 0.321 

Fast  0.230 0.713 0.056 0.546 

B201 

Slow 
L 0.989 0.011 0.000 0.000 

U 0.183 0.763 0.054 0.650 

Fast 
L 0.946 0.054 0.000 0.084 

U 0.003 0.871 0.126 1.000 
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Figure 39. The change in the probability of survival after 105 cycles versus the 

estimated fraction of the QT distribution in (a) Region 1 and (b) Region 3 [1, 120]. 

 

  

(a)

(b)
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3.3. The Effectiveness of the Methods used to Predict HCF from Tensile Data 

The effectiveness of the six methods outlined in Table 1 and Equation (18) has been 

investigated by using five datasets from the literature from two independent studies.  The 

details of the two studies are given below.  

 Zhu [98] used commercially available E319 type aluminum alloy heat treated to T7 

and conducted tensile tests and fatigue tests at R = -1, with stress amplitude levels 

ranging from 70 to 160 MPa [99].  

 Couper et al. [129] heat-treated castings of CP601 Australian alloy (A356) to 

different conditions and conducted tensile and fatigue tests at R = -1. The conditions 

at which specimens were tested are (i) as cast, (ii) underanged after 1 hour of 

artificial aging at 155oC (1UA), (iii) under aged after 8 hours of artificial aging at 

155oC, (iv) peak-aged (12PA), after 12 hours of artificial aging, and (v) overaged 

after 200 hours at 155oC.  The stress amplitude ranged between 100 and 250 MPa. 

Tensile data for all datasets are summarized in Table 11.  Note that all tensile properties 

of 1UA and 8UA are identical.  Therefore, data from these two datasets have been 

combined. 

Table 11. Tensile data for the five datasets. 

Dataset Ref. σy (MPa) ST (MPa) eF (%) E (GPa) 

E319-T7 [98] 199 290 2.0 77.5 

As Cast 

[129] 

120 250 13.0 70.0 

1UA & 8UA 220 310 9.0 70.0 

12PA 250 320 8.0 70.0 

200UA 220 310 7.0 70.0 
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The Basquin parameters estimated by using the six methods and the tensile data given in 

Table 11 are presented in Table 12.  Note that the parameters for the best fit estimated by 

the ML method given in the Appendix is also presented.  The fits of the methods to the 

data by Zhu (E319-T7) are indicated in Figure 40.  Only the estimate by Method 1 is close 

to the actual S-N curve.  The coefficients of determination, R2, calculated for all estimates 

are given in Table 13. 

Table 12. Estimated Basquin fits to the five datasets models for each dataset. 

Dataset Parameter 
Best 

fit 

Method 

1 

Method 

2 

Method 

3 

Method 

4 

Method 

5 

Method 

6 

E319-T7 
σf

'  403.6 551.0 349.6 461.9 484.3 551.0 388.0 

b -0.104 -0.120 -0.081 -0.090 -0.095 -0.110 -0.073 

As Cast 
σf

'  360.1 475.0 329.9 401.4 417.5 475.0 285.4 

b -0.072 -0.120 -0.088 -0.090 -0.095 -0.110 -0.057 

1UA & 

8UA 

σf
'  475.7 589.0 396.6 480.0 517.7 589.0 410.7 

b -0.089 -0.120 -0.086 -0.090 -0.095 -0.110 -0.074 

12PA 
σf

'  776.9 608.0 406.1 492.9 534.4 608.0 445.4 

b -0.129 -0.120 -0.085 -0.090 -0.095 -0.110 -0.078 

200OA 
σf

'  588.6 589.0 390.2 480.0 517.7 589.0 445.5 

b -0.104 -0.120 -0.084 -0.090 -0.095 -0.110 -0.074 

 

The S-N curves estimated by the six methods to the four datasets by Couper et al. are 

presented in Figure 41.  For the “As Cast” dataset, Method 6 seems to provide the best 

estimate of the fatigue performance, as can be seen in Figure 41.a.  For the “1UA & 8UA”, 

dataset in Figure 41.b, there seem to be several good estimates.  The R2 values in Table 13 

indicate that Methods 3, 4 and 6 are very close, with Method 3 yielding the highest R2.  For 

the “12PA” dataset in Figure 41.c, almost all methods give close estimates but Method 5 
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has the best fit (Table 13).  Finally, Figure 41.c shows the estimates for the “200OA” 

dataset, with Method 4 giving the best estimate. 

 

Figure 40. The application of the six methods to the E319 dataset by Zhu. 

 

Table 13. Coefficient of determination, R2 values for the six models for each dataset. Best 

estimate for each dataset is given in bold. 

Dataset Method 1 Method 2 Method 3 Method 4 Method 5 Method 6 

E319-T7 0.640 0.352 < 0 < 0 < 0 < 0 

As Cast < 0 < 0 < 0 < 0 < 0 0.577 

1UA & 8UA 0.119 0.375 0.771 0.767 0.683 0.756 

12PA 0.761 0.730 0.838 0.841 0.916 0.734 

200OA < 0 < 0 0.645 0.685 0.470 0.681 
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(a) 

 

(b) 
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(c) 

 

(d) 

Figure 41. The application of the six methods to the four datasets by Couper et al.: (a) as 

cast, (b) 1UA & 8UA, (c) 12PA, and (d) 200OA. 
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The estimates presented above do not provide a clear picture about which among the six 

methods performs the best for cast aluminum alloys.  For all five datasets, the method that 

provided the best fit is a different one and the only method that failed to give the best fit to 

any dataset is the “four points” (Method 2).  The mixed success of the six methods, 

unfortunately, make them unreliable for estimating fatigue performance in aluminum 

castings.   

The mixed successes of the six methods may be explained by how they were developed.  

The datasets most commonly available in the literature are from steels.  Most steel have 

excellent ductility even as castings.  The surface oxide films entrained during mold filling 

or melt preparation in the casting process usually are harmless in steels because the film is 

also in liquid state and much less dense than liquid steel [31].  Thus, the entrained film 

quickly floats to the surface, leaving clean metal behind.  In aluminum alloys, however, 

the surface oxide film is solid and has almost the same density as liquid aluminum.  

Therefore, when entrained, the folded-over film, i.e., bifilm remains suspended in the liquid 

metal and leads to the formation of pores which are detrimental to mechanical properties, 

especially elongation and fatigue life.  Hence, properties related to fracture are dominated 

by structural defects (extrinsic) whereas the microstructure seldom affects properties [31].  

All six methods evaluated in this study assume that all mechanical data are intrinsic and 

there is no accommodation for extrinsic factors.  Based on this point, it is clear that a new 

method is needed for estimating the fatigue performance of aluminum castings.  
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3.4. Development of a New Model to Predict HCF from Tensile Data 

Based on the findings of Kun et al. [25] that the Basquin exponent, b, is a measure  of 

structural integrity in fibers, it is hypothesized that b is affected by structural quality  (QT) 

in aluminum alloy castings.  To test this hypothesis, data for thirty-six S-N curves for cast 

Al-Si-Mg alloys and thirty-five S-N curves for cast Al-Si-Mg-Cu alloys were collected 

from the literature.  These datasets came from sixteen independent studies for Al-Si-Mg 

alloys and fifteen for Al-Si-Mg-Cu alloys.  Only studies in which round specimens were 

used have been included. For some S-N curves, σf and b reported originally in the studies 

have been taken directly into the analysis.  However, for a majority of the S-N curves, the 

stress amplitude-fatigue life raw data have been harvested, reanalyzed and reinterpreted.  

The details of the datasets used in this section are provided in Table 14. 

The Basquin exponents versus structural quality index, QT, for Al-Si-Mg and Al-Si-Mg-

Cu alloys are presented in Figure 42.  Note that b increases with QT and the scatter in b 

decreases with QT.  Hence there is strong evidence in support of the hypothesis stated above 

that b is affected by structural quality, and therefore, has an extrinsic component.  

To accommodate the different scatter levels in Figure 42, nominal, as well as upper limit 

(subscript UL) and lower limit (subscript LL) curves have been fit to the data.  The 

equations for the nominal, upper limit and lower limit are: 

 b = -0.136 exp(-1.236 Q
T
) (39) 

 bUL = -0.101 exp(-1.150 Q
T
) (40) 

 bLL = -0.182 exp(-1.370 Q
T
) (41) 

respectively. 



77 

 

Table 14. Summary of the gathered data from the literature. 

 Alloy Ref. 
# of S-N 

curves 
Process Notes 

A
l-

S
i-

M
g
 

A356 [130] 4 Sand cast As reported 

A356 [119] 1 Low-pressure die cast Reinterpreted 

A356 [131] 1 Low-pressure die cast As reported 

356 [132] 3 Lost foam Reinterpreted 

A356 [133] 1 Not specified; HIPed Reinterpreted 

A356 [134] 4 Not specified As reported 

A356 [135] 1 Semi-solid Reinterpreted 

A356 [136] 1 Squeeze cast Reinterpreted 

357 [137] 1 Semi-solid Reinterpreted 

A356 [138] 3 Not specified Reinterpreted 

A356 [139] 4 
Investment cast, 

HIPed 
Reinterpreted 

A357 [91] 1 Permanent mold Reinterpreted 

A356 [140] 1 Permanent mold Reinterpreted 

A356 [141] 3 High pressure die cast Reinterpreted 

A356 [142] 5 Not specified; HIPed Reinterpreted 

A356 [143] 2 High-pressure die cast As reported 

A
l-

S
i-

M
g
-C

u
 

Al-7Si-1Cu-0.5Mg [144] 1 Permanent mold Reinterpreted 

Al-7Si-1Cu-0.5Mg [145] 1 Permanent mold Reinterpreted 

Al-7Si-1Cu-0.5Mg [146] 3 Not specified As reported 

C354 [147] 2 Not specified; HIPed Reinterpreted 

Modified 319 [137] 1 Semi-solid Reinterpreted 

A319 [148] 1 Not specified Reinterpreted 

319 [38] 1 Not specified Reinterpreted 

A319 [149] 2 Not specified As reported 

W319 [94] 5 Sand casting Reinterpreted 

319 [96, 97] 7 Not specified Reinterpreted 

319 [150] 3 Not specified Reinterpreted 

Al-10Si-2Cu-

0.3Mg 
[151] 1 Sand casting Reinterpreted 

333 [152] 1 Not specified As reported 

Al-7Si-3Cu-0.4Mg [153] 6 Not specified Reinterpreted 
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Figure 42. Correlation between quality index and the Basquin exponent. 

 

For each S-N curve analyzed in this study, fatigue strength at 106 cycles was determined.  

The change in σf with QT is presented in Figure 43, which shows significant scatter around 

the best fit line.  Because fatigue strength is known to be strongly affected by strength [23, 

71, 72], how the fatigue strength-to-tensile strength ratio changes with QT was analyzed.  

The results are presented in Figure 44.  Although scatter around the best fit line is less than 

in Figure 43, significant scatter remains. 

By definition, ultimate tensile strength is the point on the tensile engineering stress-strain 

curve where the reduction in area with deformation can no longer be supported by the 

increase in strength due to work hardening, causing plastic instability.  Alternatively, it is 

the point where Considere criterion is met such that true stress is equal to work hardening 

rate.  In aluminum castings, however, fracture usually takes place before Considere 
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criterion is met because of major structural defects [56, 154].  Consequently, elongation 

and tensile strength are determined from the same point on the stress-strain curve.  Only in 

high quality castings, (QT>0.70), there is some necking and non-uniform deformation [70].  

Because tensile strength is also affected by structural quality, the ratio of fatigue strength-

to-maximum tensile strength was used.  Maximum tensile strength for each data point was 

estimated by using Equation (13).  Results are presented in Figure 45.  The scatter is much 

reduced compared to Figure 44.  The best fit line in Figure 45 is: 

 
σf

ST(max)
 = 0.405Q

T
+0.280 (42) 

 

 

Figure 43. Change in σf with QT. 

 



80 

 

 

Figure 44. Correlation between QT and ratio of fatigue strength to tensile strength. 

 

Figure 45. Correlation between quality index and ratio of fatigue strength to maximum 

tensile strength. 
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The correlation between Basquin exponent and fatigue strength-to-maximum tensile 

strength is presented in Figure 45.  The scatter is more uniform around the best fit line, 

which has the form: 

 
σf

ST(max)
 = 2.977b+0.696 (43) 

Equations (39) to (41) can be used to estimate the Basquin exponent (and if needed upper 

and lower limits.  Subsequently, Equation (42) or (43) can be used to estimate σf /ST(max) 

ratio.  By using Equation (13), ST(max) can be found, which leads to the estimate of first σf, 

and finally σʹf. 

 

Figure 46. Correlation between Basquin exponent and ratio of fatigue strength to 

maximum tensile strength. 
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The application of the model proposed above is first demonstrated on the data by Zhu 

(E319-T7) and then applied to the four datasets by Couper et al. 

Step 1: Find QT 

By using the yield strength and elongation data in Table 11, QT is found as: 

 QT=
eF

eF(max)
=

eF
β0-β1σY

 

 Q
T
=

2.0

36.0-0.064(199)
=0.086  

Step 2: Find b 

 b = -0.136 exp(-1.236 Q
T
) 

 𝑏 =  −0.136 𝑒𝑥𝑝(−1.236(0.086)) = −0.122  

Step 3: Find σf /ST(max) 

 
σf

ST(max)
 = 0.405Q

T
+0.280 

 
σf

ST(max)
 = 0.405(0.086)+0.280=0.314  

Step 4: Find ST(max) 

 ST(max) = 185.7+0.558σY 

 ST(max) = 185.7+0.558(199)=296.7 MPa  

Step 5: Find σf  

 σf = 0.314(296.7)=93.3 MPa  
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Step 6: Find σʹf  

  𝜎𝑓
′= 

93.3

(106)−0.122
=505.4 MPa  

 

The estimated S-N curve for the data by Zhu is presented in Figure 47.  It is clear that the 

new model provides an excellent estimate of the HCF behavior for E319-T7 castings by 

Zhu.  The R2 for this estimate is 0.828 which is higher than that of the only reliable estimate 

obtained from the six methods (0.640) in section 3.3. 

 

Figure 47. Trend lines of the dataset from Zhu [98]. 

 

The new method has also been applied to the four datasets by Couper et al.  The estimates 

for each dataset, based on the step-by-step procedure given above, are presented in Table 

15, in which R2 values for each estimate is also provided.  The estimated S-N curves are 
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presented in Figure 48 and Figure 49.  Note that the new method provides respectable fits 

to almost all datasets by Couper et al.  When compared with the R2 values given in Table 

13 for the six methods, the new method outperforms Methods 1-5 based on the goodness 

of fits of the estimates.  Because none of the estimates of the new method for the five 

datasets yielded a negative R2, it can be claimed that the new method is superior to all six. 

Table 15. Estimates obtained by the new method to the five datasets. 

Dataset Q
T
 σf ST(max)⁄  ST(max) (MPa) (MPa) σf

'  (MPa) b R2 

E319-T7 0.086 0.314 296.7 93.3 505.4 -0.122 0.828 

As Cast 0.459 0.466 252.7 117.6 341.4 -0.077 0.079 

1UA&8UA 0.411 0.446 308.5 137.6 426.4 -0.082 0.755 

12PA 0.400 0.442 325.2 143.6 451.9 -0.083 0.803 

200OA 0.319 0.409 308.5 117.7 447.5 -0.092 0.063 
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Figure 48. Estimated S-N curves for the As Cast and 1UA & 8UA datasets from Couper 

et al. [129]. 
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Figure 49. Estimated S-N curves for the 12PA and 200OA datasets from Couper et al. 

[129]. 

 

Based on the analysis of data from the literature and interpretation of results, structural 

quality has a significant effect on several aspects of fatigue performance in cast aluminum 

alloys, such as the effect of mean stress, reliability of estimates of HCF behavior from 

tensile data.  Based on these findings, experiments were conducted to test some of these 

findings with in-house data and also determine whether axial HCF performance can be 

estimated from rotating beam (bending) fatigue data. 
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4. Experimental Details 

4.1. Material  

The specimens were excised from an A356 aluminum wheel hub that is commercially 

available.  Typical chemical composition of the A356 alloy is given in Table 16. 

Table 16. Chemical composition (wt.%) of A356. 

Si Mg Fe Ti Cu Sr Al 

7.10 0.33 0.10 0.12 0.006 0.021 Balance 

 

Heat treatment of A356 involves a solution treatment of 8 hours at 540oC, quenching in 

cold water, natural aging at room temperature for 24 hours, followed by artificial aging of 

8 hours at 170oC. 

4.1. Mechanical Testing 

Five tensile tests were run based on ASTM E8 standard.  Tensile specimens had an initial 

diameter of 8.9 mm and a gage length of 32 mm. Twelve uniaxial fatigue tests were 

conducted at R=-1 at various alternating stress level on specimens with a diameter of 6.3 

mm based on ASTM-E466-15 standard.  Tests were stopped after 3×106 cycles.  Twelve 

rotating beam fatigue tests were run using four-point loading machine at various maximum 

stress levels on specimens with a diameter of 4.8 mm.  Rotating beam specimens were 

machined according to ISO 1143. All mechanical tests were conducted at Westmoreland 

Mechanical Testing and Research, Inc., Youngstown, PA. 
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4.2 Fractography 

The fracture surfaces of three specimens, one tensile, one uniaxial fatigue and one rotating 

beam fatigue, were analyzed via scanning electron microscopy.  Before fractography, all 

specimens were cleaned ultrasonically in a methanol solution. Fractographic analysis was 

conducted at University of Florida, MAIC. 
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5. Results and Discussion 

Results of the tensile tests results are listed in Table 17.  Note that elongation values, which 

typically have the highest scatter among the three tensile properties, are very consistent.  

Table 17. Experimental Tensile data for A356 Aluminum Alloy. 

 

 

 

 

 

The data collected in axial fatigue tests are provided in Table 18.  There is only one run-

out in the dataset. 

The results of the rotating beam fatigue tests are presented in Table 19.  There is no run-

out in the rotating beam fatigue dataset. 

The results for axial and rotating beam fatigue tests are shown together in Figure 50.  As 

in Figure 5, results from the rotating beam fatigue tests are higher than those from the axial 

fatigue for a given alternating stress level.  The best fits to the data in Figure 50 were 

obtained by σʹf = 491.4 MPa, b = -0.141 for axial, and σʹf = 1764.6 MPa, b = -0.208 for 

rotating beam. 

 

  

σy (MPa) ST (MPa) eF (%) 

208.1 243.2 2.9 

202.6 230.1 2.1 

201.2 235.6 2.1 

196.4 226.0 2.1 

200.5 228.8 2.1 
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Table 18. Experimental Uniaxial Fatigue test data for A356 Aluminum Alloy. 

σa (MPa) Nf (cycles) Status 

150 10,120 Failed 

135 6,244 Failed 

125 45,692 Failed 

117 31,662 Failed 

110 85,740 Failed 

105 125,091 Failed 

100 162,875 Failed 

90 175,437 Failed 

82 467,204 Failed 

75 535,990 Failed 

60 1,475,511 Failed 

52 3,000,000 Run-out 
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Table 19. Experimental Rotating-bending Fatigue data for A356 Aluminum Alloy. 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 50. Rotating beam and uniaxial fatigue data for A356 aluminum castings.   

σa (MPa) Nf (cycles) Status 

220 16,525 Failed 

193 35,255 Failed 

179 69,186 Failed 

165 144,507 Failed 

138 390,362 Failed 

119 699,383 Failed 

109 693,140 Failed 

109 813,448 Failed 

86 2,984,236 Failed 

80 2,554,237 Failed 

70 1,006,665 Failed 
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Figure 51. Overall view of the fracture surface of A356 alloy tensile specimen. 

 

Fracture surface of tensile specimen of A356 alloy is presented in Figure 51. Several 

structural defects are visible across the specimen. A closer view is presented in Figure 52. 

Pores with dendrite arms are visible on the fracture surface. Note that the shape of the 

exposed pore is tortuous and has a morphology similar to the pore presented in Figure 15. 
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Figure 52. Pores exposed on the fracture surface of the tensile specimen. 

 

Fracture surface of a uniaxial A356 fatigue specimen tested at a stress level of 60 MPa (Nf 

=1,475,511 cycles) is presented in Figure 53.  The overall fracture surface has several 

visible structural defects.  However, the fatigue crack seems to have initiated from a pore 

on or just below the specimen surface, as indicated with an arrow.  
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Figure 53. Overall view of the fracture surface of A356 alloy uniaxial specimen. 

 

A closer view of the fatigue crack initiator shown in Figure 53 is provided in Figure 54. As 

opposed to the pores shown in Figure 8 and Figure 15 with a tortuous shape, this pore is 

almost perfectly round, which is either due to the high level of dissolved hydrogen in the 

aluminum melt, making the pore round when hydrogen is rejected by the solidifying 

aluminum, or the pore is a bubble entrained into the casting during the filling stage [31]. It 

is the opinion of the author that the pore is a bubble. 

The striae showing fatigue crack propagation around the pore are visible in Figure 55.  The 

area for final rupture shows signs of high ductility, as shown in Figure 56. 
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Figure 54. Close-up look at the fatigue initiating pore right below the specimen surface in 

uniaxial fatigue specimen. 

 

 

Figure 55. SEM micrograph indicating the fatigue striae of A356 alloy specimen. 
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Figure 56. SEM fractograph indicating the ductile fracture for the remaining parts of 

A356 alloy uniaxial specimen. 

 

Fracture surface of a rotating bending A356 fatigue specimen tested at a stress level of 70 

MPa (Nf =1,006,665 cycles) is presented in Figure 57. The overall fracture surface has 

several visible structural defects. 
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Figure 57. Overall view of the fracture surface of A356 rotating bending alloy specimen. 

 

Unlike in uniaxial fatigue test, fatigue cracks initiated and propagated simultaneously at 

different sites in the specimen. Similar results were reported for ablated 6061 aluminum 

alloy casting [155]. A closer view of one of the fatigue crack initiator is given in Figure 56. 

As it was in uniaxial type specimen, the pore is located on the surface. The beach marks 

around the pore are also visible in Figure 56 and proof that remaining parts showed ductile 

failure in Figure 57. 
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Figure 58. Close-up look at the fatigue initiating pore right below the specimen surface in 

rotating bending fatigue specimen. 

 

Figure 59. SEM fractography indicating the ductile fracture for the remaining parts of 

A356 alloy rotating bending specimen. 
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The six methods of estimating HCF behavior from tensile data presented in section 2.9 

were tested on the axial fatigue data.  The Basquin parameters estimated by the six methods 

are listed in Table 20 and the estimates are presented in Figure 60.  It is clear that none of 

the six methods perform well enough to estimate the S-N curve for A356 aluminum hub 

castings.  The closest line among the six methods is Method 1 but the R2 was still found to 

be less than 0 for methods 3,4,5 and 6. 

Table 20. Basquin parameter estimates by the six methods. 

Parameter 
Best 

fit 
Method 1 Method 2 Method 3 Method 4 Method 5 Method 6 

σf
'  491.4 442.2 281.2 383.5 388.7 442.2 328.8 

b -0.141 -0.120 -0.081 -0.090 -0.095 -0.110 -0.073 

R2 0.910 0.668 0.472 < 0 < 0 < 0 < 0 

 

 

 

Figure 60. Estimated S-N curves by using the six methods for A356 alloy. 
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The method developed in this study was also tested.  Because of its low elongation, the 

structural quality of the casting is less than 0.10.  As a result, the scatter in estimated b is 

high at that level of structural quality, Figure 42.  For that reason, upper and lower estimates 

were also determined.  The results are summarized in Table 21.  For each estimated 

Basquin exponent, a separate σf /ST(max) was found by using Equation (43) and Figure 46. 

 

Table 21. Estimates for HCF of the A356 Aluminum Alloy. 

Estimate Q
T
 b σf ST(max)⁄  ST(max) (MPa) σf

'  (MPa) 

Nominal 

0.098 

-0.120 0.330 

298.3 

519.4 

Upper -0.090 0.418 433.6 

Lower -0.159 0.217 582.6 

 

 

The three fits are presented in Figure 61.  The nominal and upper limit estimates by the 

new method overestimate the fatigue performance.  The lower limit estimate however 

accurately describes the fatigue performance.  The R2 for the lower limit is 0.882. 
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Figure 61. The three estimates made by the new method along with method 1 for A356 

alloy wheels. 

 

Finally, the effectiveness of the three methods to estimate axial fatigue performance from 

rotating beam fatigue data, outlined in section 2.10, were evaluated.  The results are 

presented in Figure 62.  The simple method of multiplying maximum stress in rotating 

beam fatigue testing by 0.59 surprisingly provides a respectable fit, as can be seen in Figure 

62.a.  Because this method was based on observations made on fatigue strengths of steels, 

it is not clear at this point whether the fit is due to a fundamental relationship or by chance. 

The method proposed by Manson and Muralidharan (Figure 62.b) overestimates the fatigue 

performance of A356 alloy wheels.  This result is not surprising because Manson and 

Muralidharan stated in their paper that their model provides better fits in the plastic (low 

cycle) region. 
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The method developed by Esin based on micro strains (Figure 62.c) also provided a very 

respectable estimate of the axial fatigue performance.  Because Esin’s model requires an 

endurance limit which is not visible in aluminum alloys, the alternating stress level 

corresponding to a fatigue life of 108 was taken as the endurance limit, which is consistent 

with the results of Yi et al. [156]  for 319 aluminum alloy castings.  Based on these results, 

the method proposed by Esin is recommended for estimating axial S-N curves at R=-1 from 

rotating beam fatigue data.  

 

 

(a) 
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(b) 

 
(c) 

Figure 62. Uniaxial HCF performance estimated from rotating beam fatigue tests by 

using the methods by (a) Sors, (b) Manson and Muralidharan, and (c) Esin. 
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6. Conclusions 

Following conclusions have been reached for research questions presented in section 2.12. 

Question 1: How well do selected mean stress correction equations perform in cast 

aluminum alloys, especially in datasets with various levels of structural quality? Is the 

Walker parameter a function of structural quality? 

 A new procedure to correct for mean stress in fatigue testing that can accommodate the 

run-outs in fatigue datasets while calculating Basquin parameters and estimating 

Weibull parameters has been developed.  

 It is recommended that the Weibull probability plots for Neq be developed for verifying 

the mean stress correction model of choice. 

 The Walker correction method provided the best fits to the Basquin law. However, the 

Walker parameter is strongly affected by the structural quality of the aluminum 

castings.  An empirical relationship between the Walker parameter and the quality 

index, QT was developed in this study. 

 The Weibull distribution for Neq was found to affect by the selection of the mean stress 

correction method to a great extent. 

Question 2: Is there more evidence for QT-Nf relationship from the aerospace and 

automotive castings literature? 

 A comprehensive approach that incorporates the inclusion of runouts in estimating 

Basquin and Weibull parameters, mean stress correction and volumetric correction for 

different specimen sizes was developed and applied to four independent datasets. 

Results have shown that there is consistency between the data included in this study in 
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terms of the relationship between structural quality as measured in tensile tests and 

fatigue life. 

 The quality index, QT, can be used to characterize the structural integrity of 319, D357 

and B201 type cast aluminum alloys from tensile tests. A strong relationship has been 

found between the expected QT and fatigue life of 319, D357 and B201 aluminum alloy 

castings. 

 The QT-Nf relationship for 319 is quite different from that of B201 and D357 due to the 

different specimen geometries used. 

 The fatigue life expectancy of 319 alloy at R=-1, σa=100 MPa and at QT=1.0, i.e., 

defect-free casting, is at least 2.2×1014 which, in practice, can be considered infinite 

fatigue life. 

 Probability plots for both QT and Nf distributions for B201 showed strong indications 

of Weibull mixtures, providing yet another proof that the two properties are linked to 

each other. 

 There is a strong negative correlation between the proportion of QT in Region 1 and 

probability of survival for 105 cycles. Similarly, a strong positive correlation exists 

between the proportion of QT in Region 3 and probability of survival for 105 cycles, 

providing further evidence for the strong link between elongation and fatigue 

performance. 

 It is significant that B201 and D357 specimens followed the same QT-Nf relationship, 

despite different microstructures.  This finding provides further proof that fatigue 

behavior in cast aluminum alloys is determined by the size and location of defects, and 

not by the microstructure. 
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 The statement by Tiryakioğlu that the elongation requirement in industrial 

specifications is a de facto fatigue life specification is justified. 

Question 3: How do methods to estimate high cycle fatigue perform with aluminum 

castings?  If they do not perform well, can a new model for aluminum castings be 

developed? 

 Among all six methods available in the literature to predict S-N curves from tensile 

properties, none of them provided reliable estimates for five datasets from two 

independent studies including E319 and A356 alloy castings. This is attributed to the 

effect of structural defects on fatigue properties which made it impossible for the six 

methods built on intrinsic tensile and fatigue behavior. 

 A new method to estimate Basquin parameters as a function of QT has been developed.  

By using this method, the fatigue life of a sand-cast A356 alloy casting as well as the 

five datasets could be estimated accurately. 

 Ratio of fatigue strength at 106 cycles to tensile strength resulted in lower coefficient 

of determination value than ratio of fatigue strength at 106 cycles to defect-free tensile 

strength.  

 Strong correlation observed between elastic exponent and the ratio of fatigue strength 

at 106 cycles to defect-free tensile strength. 

Question 4: What is the fatigue performance of an A356-T6 casting in rotating beam and 

axial fatigue testing? Can axial fatigue be predicted from rotating beam fatigue test data? 

If so, what model among the existing ones provides the best fit? 
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 As expected, Manson and Muralidharan’s conversion method resulted in overestimated 

high-cycle fatigue region for A356 aluminum alloy. 

 Even though conversion method by Sors made acceptable predictions for A356 

aluminum alloy, precautions should be taken due to its small number of parameters 

involved. 

 Taking fatigue strength at 108 cycles as true elastic limit for A356 aluminum cast alloy 

in Esin’s method is recommended for its simplicity. 

 Esin’s method gives the closest fit for converted data to experimental data among all 

three models available. 
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7. Future Work 

Upon observing the reasonable predictions of fatigue life from tensile properties, it is the 

purpose of the future work: 

 to extend the analyses that were made on mean stress correction, including those 

that are made in pure tension and pure compression data, 

 to determine with more data from rotating bending and uniaxial fatigue that Esin’s 

method is the most reliable among the ones in the literature. 

 to develop closed-form method to predict both rotating beam and uniaxial fatigue 

properties from tensile data.   
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APPENDIX 

In HCF testing, it is common to have a combination of failure and survival data, i.e., run-

outs in the same dataset. When that is the case, the data become “censored on the right tail 

of the distribution” and the analysis becomes more complex.  

There are several procedures to take runouts into account during the analysis of fatigue test 

results [93, 157, 158]. One such method has been recently introduced by Sarkani et al. [93] 

who, with the assumption of the underlying distribution of fatigue life is Weibull, used the 

maximum likelihood method to estimate the coefficients in the Basquin law, by 

maximizing Equation A.1 with notation below.  

 Λ(b, m, σ, D)=-ln(σ)∑ rj+

h

j=1

∑∑ zij-∑∑ ezij-∑ (lj-rj)e
zj

*

h

j=1

rj

i=1

h

j=1

rj

i=1

h

j=1

 (A.1) 

where, 

 zij=
y

ij
- ln(-b)+mln(Sj)

σ
  (A.2) 

 

 zj
*=

y
j
*- ln(-b)+mln(Sj)

σ
  (A.3) 

 

h: number of stress levels tested 

l: total number tested 

lj: total number tested at stress level Sj 
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rj: number of failures observed at stress level Sj 

yij: ith log failure cycle count at stress level j, i=1,2,….,rj; yij=ln(Nij) 

y*
j: log of the run-out cycle at stress level j 
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