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ABSTRACT

The Lie algebra L = sl3(C) consists of the 2 x 2 complex matrices that have
trace zero, together with the Lie bracket [y, z] = yz — zy. In this thesis we study a
relationship between L and Krawtchouk polynomials. We consider a type of element
in L said to be normalized semisimple. Let a,a* be normalized semisimple elements
that generate L. We show that a,a* satisfy a pair of relations, called the Askey-
Wilson relations. For a positive integer N, we consider an (N + 1)-dimensional
irreducible L-module V' consisting of the homogeneous polynomials in two variables
that have total degree N. We define a certain nondegenerate symmetric bilinear
form (, ) on V. We display two bases for V, denoted {v;}}¥., and {v;}¥,, each basis
diagonalizes a and a*, respectively. We show that each of these bases is orthogonal
with respect to (, ) and also show that (v;,v}) = K;(j;p, N), i,j =0,1,2,..., N,
where K;(j;p, N) is the ith Krawtchouk polynomial with parameters N and p.
Using these results we find some well-known facts about Krawtchouk polynomials
including the three-term recurrence, the orthogonality, the difference equation, and

the generating function.



1. INTRODUCTION

In this thesis, we explore the connection between the special linear Lie algebra
sls and Krawtchouk polynomials. Throughout our paper, we use C to refer to the
complex field. We begin by recalling the definition of the Lie algebra sly(C) and
the Krawtchouk polynomial.

The Lie algebra slo(C) is a three-dimensional C-vector space of complex 2 X 2

matrices with a zero trace, given by
b
5l5(C) = ca,b,ec,deCanda+d=0

and with the binary operation [X,Y] = XY — Y X.
Let z be an indeterminate and C[z] be the C-algebra that contains all the poly-
nomials in x with coefficients in C. Fix a nonnegative integer N > 0 and let

0#peC. Fori=0,1,2,..., N define a polynomial K; in Clz] by
Ki:Ki(fE):Ki(ﬂva):iM'pfv (1)
where (), is the shifted factorial
(@)p=a-(a+1)-(@a+2)...(a+n—1), wheren=0,1,2,....

We interpret (a)o = 1. These polynomials are well-defined. Observe that (—i)y,

vanishes for n > i, so the n-summand in (1) is zero for n > i. Observe also

that (—N),, is nonzero for n = 0,1,2,...,4, so the n-summand in (1) has nonzero

denominator for n = 0,1,2,...,n. We note that the polynomial K; has degree i
1

and the coefficient of z° is (SR We call K; the ith Krawtchouk polynomial with

parameters N and p. From construction, we find
K;(j) = K;(i) fori,j=0,1,2,...,N. (2)

This is a special case of an example known as Askey-Wilson duality [?].



The relationship between Krawtchouk polynomials and sls has a long-standing
history of being studied. It was first discovered by Willard Miller Jr. in 1969 when
he noticed that the difference equations for Krawtchouk polynomials come from the
irreducible representations of sls. In 1982, Tom H. Koornwinder discovered that
the matrix elements of a finite-dimensional irreducible representation of the group
SU(2) can be expressed in terms of Krawtchouk polynomials. Since the irreducible
representations of SU(2) and sly are essentially the same, Koornwinder’s discovery
established a connection between Krawtchouk polynomials and sls. Several articles,
such as those by Feinsilver ([4], [5], and [3]), subsequently provided a connection

between Krawtchouk polynomials and sls, with the pair

0 1 N
N 0 2 N -2

2 0 N 2—-N

1 0 —-N

acting as a bridge between the two. From one perspective, the matrix S (resp. D)
represents the action of e+ f (resp. h) on the irreducible sly-module with dimension
N + 1, where e, f, and h denote a standard Chevalley basis for sly. Alternatively,
James Joseph Sylvester found that the matrix S has distinct and non-repeating
eigenvalues {N — 2i}Y ;. This was later recalled by Richard Askey in the early
2000s, who noted that because S has such eigenvalues, there exists an invertible
matrix P such that PSP~! = D. In the 1940s, Mark Kac discovered that after

suitable normalization, the entries of P are given by:
. N 1 .
Pij= (" |Ki(j;3.N), for 4,7=0,1,...,N,
i

where K;(j;1/2,N) is the Krawtchouk polynomial of degree i. Interestingly, this

discovery was initially made in probability theory and later found applications in



combinatorics in the context of the Hamming association scheme. In 2012, Nomura
and Terwilliger described a connection between sl; and the Krawtchouk polynomial
based on the theory of Leonard pairs [2]. This thesis is based on the paper [2].
We summarize the results of this thesis as follows. We discuss a particular
element in sly(C) that is known as a normalized semisimple element. The thesis
focuses on a pair of normalized semisimple elements a and a* that generate sl3(C).
We show that a and a* satisfy a pair of relations, which are called the Askey-Wilson

relations:

[a,[a,a*]] = 4(2p — 1)a + 4a™,

[a*,[a*,a]] = 4(2p — 1)a™ + 4a.

We note that the scalar p depends on the sly(C) Killing form applied to a and
a*. Moreover, we prove that a and a* generate sly(C). We also show that sly(C)
induces an antiautomorphism } that fixes a and a*.

Next, we consider an (N + 1)-dimensional irreducible sly(C)-module V' consist-
ing of homogeneous polynomials in two variables of total degree N. We define a
nondegenerate symmetric bilinear form ( , ) on V such that (p.u,v) = (u, p'.v)
for all ¢ € sl(C) and u,v € V. We present two bases for V, denoted {v;}}¥., and
{v}N |, each of which diagonalizes a and a*, respectively. We also show that each

basis is orthogonal with respect to (, ). Furthermore, we demonstrate that
(vi,v}) = Ki(j;p, N) ,j=0,1,2,... N,

where K;(j; p, N) is the ith Krawtchouk polynomial with parameters N and p. Us-
ing these results, we can recover well-known properties of Krawtchouk polynomials,
including the three-term recurrence, orthogonality, the difference equation, and the
generating function. We often display this information through matrices.

This thesis is organized as follows. In Section 2, we provide some background
information about the Lie algebra slz(C) and its representation. In Section 3, we

discuss normalized semisimple elements of sl3(C) and show how these elements can



be used to obtain a new basis for sl3(C). In Section 4, we present three different
bases for sl3(C) and discuss the transition matrices between two of the three bases.
In Section 5, we introduce an antiautomorphism of sly(C) and discuss its properties.
In Section 6, we construct an irreducible sly(C)-module V' consisting of homoge-
neous polynomials in two variables of total degree N. We discuss the actions of the
standard basis for sl5(C) on V. In Section 7, we demonstrate the action of the dual
standard basis for slo(C) on the module V. We define a nondegenerate symmetric
bilinear form (, ) on V and construct two bases {yN =2}  and {y*N i1}V
on V. We show that each of these bases is orthogonal with respect to ( , ). In
Section 8, we determine the inner products between the bases {y™~?z'}¥ , and
{y*N=iz*} N and show how the Krawtchouk polynomials act on V. Finally, in

Section 9, we conclude by recapturing well-known properties of the Krawtchouk

polynomials using the results in Section 8.

2. THE LIE ALGEBRA sl5(C)

In this section, we recall some background about Lie algebra s[,(C). We begin

with the definition of Lie algebra.

Definition 2.1. A Lie algebra g is a C-vector space, together with a bilinear map,

called the Lie bracket

gxg—g, (z,y) — [z, 9],

satisfying the following properties:

(i) [z,z] =0 for all z in g,

(11) [Ia [yvzH + [y; [Z,IL‘H + [Za [Iayﬂ =0forall z,y,z € g.

The condition (ii) is known as the Jacobi identity. Since the Lie bracket [—, —] is

bilinear, by the condition (i) we have

[z,y] = —[y,z] for all z,y € L.



We define the Lie algebra sly(C).

Definition 2.2. The Lie algebra sl3(C) is the C-vector space consisting of 2 x 2

complex matrices with trace zero, where the Lie bracket is defined by
[z,y] = 2y — yz.

Throughout this thesis, we abbreviate L = sl3(C). We note that the Lie algebra

L is three dimensional and has a basis {e, h, f}, where

Therefore, for any element y € L, we write
g
y= = fe+ah+vf. (4)

We call the basis {e, h, f} the standard basis for L.

Lemma 2.3. We have

[he] =2e,  [h, fl==2f, lefl=h ()
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Proof. Using (3) we have

[h,e] = he —eh
1 0]1]0 1 0 1| (1 0O 0 2
= — = = 26,
0 —-1]110 0 0 0| |0 -1 0 0
[h, fl=hf—fh
1 00 O 0 0|1 © 0
= — = = —2f’
0 -1 (1 0 1 0[]0 -1 -2 0
e, fl=ef — fe
0 1[0 0 0 0] |0 1 1 0 h
0 o1 0 1 0[]0 O 0 -1
O
For y € L, define the C-linear map
ady : L — L, ady(z) = [y, 2. (6)

We call ad, the adjoint map with respect to y. For example, for the basis element
h € L we have

adp(e) = [h,e] = 2e,

adp(h) = [h,h] =0

adp(f) = [h, f] = =2/

For y € L, let [ad,] denote the matrix representing ad,, with respect to the standard

basis {e, h, f}.
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Lemma 2.4. For each y € {e, h, f}, the matriz representing ad, with respect to
{e,h, f} is given as follows.

0 -2 0 20 0 0 0 0
ladl] =10 0o 1], ladr] =10 0 0 |, ladfl = |-1 0 0
0 0 0 00 —2 0 2 0

Proof. Use (5).

We now recall the Killing form. The Killing form is a bilinear form

(,):LxL—C, (x,y) = tr([ady][ady]),

where tr means trace. We compute several values of the Killing form (, ) on the

elements (3). We have

0 -2 0ll0o 0 o0
(e, f) = tr([adc][adf]) =tr | JO0 0 1| |-1 0 0
0 0 ollo 2 0

=tr|o 2 0of =4

In a similar way, we have

(e, h) = tr(lad.][adr]) = 0,
(f, 1) = tr(lady][adn]) = 0,

(h, h) = tr([ady)[ady]) = 8.
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Computing all possible Killing form combinations, we get

(,)le|h]|f
e 0014
(7)
h 0180
Flalolo

For computational convenience in the thesis, we define a bilinear form by normal-

izing the Killing form:

()V:LxL—C, <y,z>:é(y,z). (8)

We abbreviate ||y||?> = (y,y) for y € L. With respect to the bilinear form (, ) the

table (7) is given as

(,)] e |h| [
e | 0 |o]1/2 o)
h 0|1 0
Fl1i2lol o
Lemma 2.5. Let y € L be as in (4). Then we have
lylI> = a® + By = — det(y). (10)
Proof. We note that y = Se + ah + v f. Using (9) we have
lyll> = (Be+ ah+~f, Be + ah+~f) = o® + By.
Since det(y) = —a? — B, the result follows. O

Corollary 2.6. Let A, i denote the eigenvalue of an elementy in L. Then \+u =0

and M = —||y|*.

Proof. By Linear algebra, we know that A + u = —tr(y) and Au = det(y). Since

y € L and by Lemma 2.5, the results follow. [
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We recall the notion of an automorphism. By an automorphism of L we mean

a C-vector space isomorphism ¢ : L — L such that
[y, 217 = [y7,27]
for y,z € L.
Lemma 2.7. Let o denote an automorphism of L. Then for y € L
adye = ocad,o'. (11)

Proof. Let z € L. Then ady-(z) = [y?, z]. Furthermore,

-1 -1 -1

oadyo ™ (2) = oady (27 ) = [y,27 |7 =[y". 27 7] =1[y" 2.

We have proven the lemma. O

By Lemma 2.7, we find

(y7,27) = (1/8)tr ([ad]][ad]])
= (1/8)tr ([cadyo ™ "[oad.o™"])
= (1/8)tr d.)loc™'])

(I
(I
= (1/8)tr (o] [o]lad:])[o ")
(o]
(lad o~ [o])

= (1/8)tr
= (1/8)tr (lady][ad-])
= <y7 Z>

In particular, we have (y,) = (y°,y°) which implies that [jy]* = [|ly7|°.

We finish this section with the following lemma, which is the well-known result.

Lemma 2.8. [1, Section 2.3] The following hold.

(i) Let M denote an invertible matriz in Mat2(C). Then the map L — L,

y— MyM~" is an automorphism of L.
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(ii) Let o denote an automorphism of L. Then there exists an invertible M €

Mat(C) such that y° = MyM~* fory € L.

3. NORMALIZED SEMISIMPLE ELEMENTS IN sly(C)

Recall the Lie algebra L = sl3(C). In this section, we discuss normalized semisim-
ple elements of L and show that these elements yield a new basis for L. We begin

by recalling a few definitions concerning linear algebra.

Definition 3.1. Let V' denote a finite-dimensional vector space over C. Let A
denote a linear transformation from V' — V. We say that A is diagonalizable

whenever V' has a basis consisting of eigenvectors of A.

Definition 3.2. Let {u;}}"; denote a basis for V. For B € Mat,(C), we say B

represents A with respect to {u;}1_; whenever Au; = 31" | B;u; for 1 < j <n.

Lemma 3.3. Recall the standard basis {e,h, f} for L. Let y € L be as in (4).

Then the matriz representing ad, with respect to {e, h, f} is

20 =28 0
— 0 g |- (12)
0 2y 2«

Proof. Write y = e + ah + v f. First, we find the first column of the matrix (12).

Using the definition of ad,, we have

ady(e) = [y, e]
= [Be + ah +~f,€]
= Ble.e] + alh,e] +1(f, €]
=04+a-2+7-(—h) (By (5))

=(2a)-e+(=y) - h+0-f.

Similarly, we find the second and third columns of (12). The result follows. O
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Let A be a linear transformation form V to V. By an eigenvalue of A, we mean

an eigenvalue of the matrix representation of A.

Corollary 3.4. Let y € L and let A\ and —\ be eigenvalues of y. Then, the

eigenvalues of the linear transformation ad, : L — L are 2X, 0, and —2\.

Proof. By Lemma 2.5 and Corollary 2.6, we have A\ = a2 + 7. Let ¢(z) denote

the characteristic polynomial of the matrix in (12). Then one routinely finds
$(z) = —a(a? — 4(a® + Bv)).
Substituting o + v for A? and simplifying the result, we get
o(x) = —x(x — 2X\)(x + 2N).
The result follows. O

Lemma 3.5. Let 0 £y € L be as in (4). Let A\, —\ denote the eigenvalues of y.
(i) If A =0, then y2 =0, ||ly|* = 0, and det(y) = 0.
(ii) If A # 0, then y is diagonalizable, ||y||*> # 0, and det(y) # 0.

' a? + By 0
Proof. (i): If A =0, then y? = and by Corollary 2.6 we have

0 a? + By

y? = 0. Moreover, by Lemma 2.5, the remaining results follow.
(ii): If A # 0, then y has two distinct eigenvalues A, —\. Thus, y is diagonalizable

on L. By Corollary 2.6, the remaining results follow. O

Let y € L. Then we say y is semisimple if the C-linear map ad, : L — L is
diagonalizable. We note that y € L is semisimple if and only if ¢ is semisimple,
where ¢ is an automorphism of L. We give a characterization of a semisimple

element in L.

Lemma 3.6. [1, Section 4.2] Fory € L, the following are equivalent:
(i) y is semisimple.

(ii) y is diagonalizable.
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Lemma 3.7. Fory € L, the following are equivalent:
@) Iyl =
(i) det(y) = —1.
(iil) y is diagonalizable with eigenvalues 1 and —1.
)

(iv) There ezists an automorphism: L — L that sends y — h.

Proof. (i)==(ii): By Lemma 2.5.

(ii)==(iii): By Lemma 3.5.

(iii)==(iv): By linear algebra.

(iv)=>(i): Let o denote an automorphism of L that sends y — h. Then |y|* =

o112 2
lylI” = lIAl" = 1. 0
Definition 3.8. Let y € L be semisimple. We say that y is normalized if ||yH2 =

Definition 3.9. Let a and a* be normalized semisimple elements in L. Define

p € C such that (a,a*) =1 — 2p. We call p the corresponding parameter of a and

*

a .

Example 3.10. Let
a* = 5 (13)

where we assume that o? + 3y = 1. By Lemma 3.7, we observe that each of a and

a* is a normalized semisimple element of L. We also observe that

(a,a*) = (Be + ah +~f,h)
:5<€,h>+0¢<h, h>+7<f’h>

Set p = (1 — «)/2. Then the corresponding parameter for the pair a,a* is p. We

note that

a=1-2p, By =4p(1 —p). (14)
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Example 3.11. Let

1-2p 2(1-p) 1 0

a =

2p 2p—1 0 —1
where p € C. Then each of a,a* is a normalized semisimple element of L, with p
being the corresponding parameter. We note that this is a special case of Example

3.10 with 5 =2(1 — p) and vy = 2p.

Lemma 3.12. Let a and a* denote a pair of normalized semisimple elements of
L, and let p denote the corresponding parameter. Then the values of { , ) on the

elements of a, a*, and [a,a*] result in the following table

(,) a a* [a, a*]
a 1 1-2p 0
(15)
a* 1-2p 1 0
[a, a*] 0 0 —16p(1 — p)

Proof. By Lemma 3.7(iv) we may assume that a, a* are the matrices as in Example

3.10. Using the matrices along with (9), we compute (a, a*):

(a,a*) = (Be +ah+ v f,h)
= Ble, h) + alh, h) +v{f, h)
=B8-0+a-1+~-0

=a=1-2p.
Similarly we have

(a,a) = (Be + ah +~f,Be+ah+~f) =a®+ By =1,

(la,a"],a) = (=2Be +2vf, Be+ ah+~f) =~ —~vB =0.

The remaining entries are computed using a similar method. (Il
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Lemma 3.13. Let M denote the matriz with respect to { , ) in (15). Then
det(M) = —64p*(1 — p)2.
Proof. Routine. O

Lemma 3.14. Let a and a* be normalized semisimple elements in L and p be the

corresponding parameter for a and a*. Then the following are equivalent.

(i) p#£0 andp # 1.
(i) a,a*,[a,a*] is a basis for L.

iii) a and a* generate L.
(iii) g

Proof. We recall the matrix M from Lemma 3.13.

(i) = (ii): Since p # 0 and p # 1, by Lemma 3.13 the matrix M is invertible,
resulting in the columns being linearly independent. Thus, a, a*, and [a,a*] are
linearly independent. Since dim(L) = 3, the result (ii) follows.

(i) = (i): Since a, a*, and [a,a*] is a basis for L, the matrix M is nonsingular.
Therefore, by Lemma 3.13 det(M) = —64p2(1 — p)? # 0. Hence, p # 0 and p # 1.
(i) = (iii): Trivial.

(iii) = (ii): Suppose a and a* generate L. Consider the element [a,a*] € L.
We claim that [a,a*] ¢ span{a,a*}. Without loss of generality, we may assume
that a, a* are from Example 3.10. We claim that [a,a*] ¢ span{a,a*}. If [a,a*] €

span{a,a*}, then we can write [a,a*] = k1a + k2a* for some ki, ks € C. Observe

that
0 -20
[a’a a*] = 72ﬂ€ + 27]8 = ’
2v 0
a p 1 0 kia+ k kip
kia + koa™ =k + ko = ! 2 !
v -« 0 -1 k17 —kia — ko

So, the equation [a,a*] = k1a + kea™ implies that ki + ko = 0 and =~ = 0. By

(14), we have a = +a*. This contradicts our assumption. Thus we have shown our
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claim. Next, we find that a and a* are linearly independent. If this was not the
case, then [a,a*] = 0, a contradiction. By these comments, it follows that a, a*,

and [a,a*] are linearly independent. O

Lemma 3.15. Let a,a* and b,b* be pairs of normalized semi-simple elements of

L. Assume each of the pairs generate L. Then, the following are equivalent.

(i) <a7a*> = <b’ b*>

(ii) There exists an automorphism of L that maps a — b and a* — b*.

Proof. (ii) — (i): Let o denote an automorphism of L that sends a — b and
a* — b*. Then we have (b,0*) = (a?,a*?) = (a,a*).

(i) — (ii): Since (a,a*) = (b,b*), the pairs a,a* and b,b* have the same corre-
sponding parameter, say p. Since a and a* generate L, it follows that p # 0 and

p # 1 by Lemma 3.7. We claim that there exists an automorphism of L that maps

1-2p 2(1-p) 1 0
2p 2p—1 0 -1

Since a, a* are normalized semisimple, by Lemma 3.7(iv) we may assume that a,a*
are as in (13). Since p # 0 and p # 1, we have 8 = 4p(1 — p) # 0. Thus we have
~v # 0. Define the matrix
1 0
Q =

0 2py!

Obviously, @ is invertible. Define the map f : L — L by f(y) = QyQ~'. Ob-
serve that f([z,y]) = [f(z), f(y)] for z,y € L and f is bijective. Thus, f is an
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automorphism of L. We have

. 1 0 a f 1 0
fla) = QaQ™" =
0 2p77 Y |y —af |0 %
« 153 1 0
20 —2pytal |0 %
1-2p 2(1-p)
2p 2p —1
Moreover, we have
. . 1 0 1 0 1 0 1 0
fla*)=Qa" Q™" = =
0 2py~ ' |0 —1] |0 ;—p 0 -1
The result follows. O

Lemma 3.16. Let a and a* be a pair of normalized semisimple elements of L and

let p denote the corresponding parameter. Then,

(i) [a,[a,a*]] = 4(2p — 1)a + 4a*.
(i) [a*,[a*,a]] =4(2p — 1)a* + 4a.

Proof. (i): By Lemma 3.15 we assume that a,a* is the pair of matrices from Ex-

ample 3.11. Since a = (1 — 2p)h +2(1 — p)e + 2pf and a* = h, we have
[a,a”] = —=4(1 — p)e + 4pf.
So,

la,[a,a”]] = [(1 = 2p)h + 2(1 — p)e + 2pf, —4(1 — p)e + 4p ]
—42p—1) (2(1 ~pe+ 2pf> +16p(1 — p)h
—4(2p—1) ((1 —2p)h +2(1 — pe + 2pf) +4h

=4(2p — 1)a + 4a™.
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(ii): Similar to (i). O

Lemma 3.17. Fiz p € C such that p # 0 and p # 1. Let L denote the Lie algebra

defined by generators u and v and relations

(i) [u, [u,v]] = 4(2p = D)u + 4o,
(ii) [v,[v,u]] = 4(2p — 1)v + 4u.

Then L is isomorphic to L. Additionally, v and v are normalized semisimple ele-

ments, with p being the corresponding parameter.

Proof. Let a and a* be elements in Example 3.11. Note that a and a* is a pair of
normalized semisimple elements in L, with p being the corresponding parameter.
We construct a Lie algebra homomorphism ¢ : £ — L that sends v — a and
v — a*. Observe that a and a* satisfy relations (i) and (ii) in Lemma 3.16.
Compare these relations with the relations (i), (ii) in the present lemma. It follows
that the Lie algebra homomorphism ¢ exists. As a and a* generate L, ¢ is surjective.
Asa, a*, and [a,a*] is a basis for L, dim(L) > 3. Moreover, by given relations (i) and
(ii) in the present lemma, every element of £ is expressed as a linear combination of
u,v, and [u,v]. Therefore, dim(£) < 3. By these comments, we have dim(L) = 3.

Consequently, ¢ is bijective, implying that ¢ is an isomorphism of Lie algebras. O

We finish this section with some comments. Let a and a* denote normalized
semisimple elements that generate L, with p denoting the corresponding parameter.
Note that p # 0 and p # 1. By Lemma 3.15, there exists an automorphism of L
sending a and a* to the pair of matrices from Example 3.11. We can assume that
a and a* is the pair of matrices from Example 3.11 where p # 0 and p # 1, without

loss of generality. So,

a=2(1—ple+ (1 —2p)h+2pf, a*=h. (16)

We see that,

[a,a”] = —4(1 — p)e + 4pf (17)
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By Lemma 3.14, we have a basis a,a*,[a,a*] for L. Note that there exists an
automorphism of L that sends a — a* and a* — a. This is because by Lemma
3.17, the relations (i), (ii) are invariant under the mapping that sends v +—— v
and v — u. This automorphism is unique since a,a* generates L. We denote
this automorphism by *. Note that (y*)* = y for all y € L. We will use this

automorphism in the next section.

4. MATRICES

In this section, we display three bases for L and discuss the transition matrices
between two bases among the three. We first define the matrices U and W in
Mats(C) by

1 1 1-p 0

U= and W = . (18)
1 1—p! 0 P

Define R = WU. Observe that

1—-p 0] |1 1 1—-p 1-p
R = = . (19)
0 pl |1 1—pt P p—1
So, we have
l1—p 1—-p||[1—p 1-—p 1—-p 0
R? = = =(1-p)I. (20)
p p-1 p p-—1 0 1-p

Thus. R is invertible and its inverse matrix is

1 1 p—1 p—1p |1 1
A C(I-p)p—1)—p(1—p) B

-p 1-—p = -1

Lemma 4.1. Recall the automorphism x of L from the below line (17). Fory € L,

Yyt = RyR‘1 .

Proof. Let a, a* be the normalized semisimple elements in L, with the correspond-

ing parameter p, with p # 0 and p # 1. We may assume that a, a* are matrices
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from Example 3.11, respectively. Since a and a* generate L, it suffices to check
a* = RaR™! and a = Ra*R™'. We first verify the equation a* = RaR~!. Using
(19), (20) we have

1—p 1—-p| [1-2p 2(1-p) 1 1 1 0

RaR™! = = =a".

p p-—1 2p 2p—1 ﬁ -1 0 -1

Similarly, we routinely verify that a = Ra*R~!. The result follows. a

Recall the standard basis e, h, f for L. Applying the automorphism * to this

basis, we get a basis e*, h*, f*, called the dual standard basis for L.

Lemma 4.2. Recall the dual basis e*,h*, f* for L. Then we have

2

* p
=(p—-1 h
e=(p—1le+p +1—p

f
h* =2(1—ple+ (1 —2p)h+ 2pf,

ff=Q0=pe+@-ph+({p-1f
Note that h* = a, where a is the matriz in Example 3.11.

Proof. For each y € {e, h, f}, evaluate y* = RyR™! using (3), (19), and (20). O

We recall the definition of a transition matrix.

Definition 4.3. Let V be a finite dimensional vector space over C. Let {u;};_,
and {v;},_, be bases for V. By the transition matriz from {u;}?_; to {v;}}"_;, we

mean the matrix 7" such that
n
vj = Z Tijui,
i=1
for1 <j<n.

We review some properties about the transition matrices. Let V be a finite
dimensional C-vector space. Let {u;}7—; and {v;}7_; be bases for V. Let T be

the transition matrix from {u;}? ; to {v;}7 ;. Then the inverse of T exists and it
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turns out that 7! is the transition matrix from {v;}?"; to {u;}? ;. Suppose that
{w;}?_; is a basis for V. Let S be the transition matrix from {v;}?; to {w;}7;.
Then the transition matrix from from {u;}? ; to {w;}7_;isTS. Let A: V — V be
a C-linear transformation and B (resp. C) denote the matrix representing A with
respect to {u;}"; (vesp. {v;}™_;). Then BT = TC so it follows that C = T~'BT.

We recall three basis for L:

{e,h, [}, {a,a",[a,a"]}, {e*,h*, f*}. (21)

The following lemmas 4.4-4.6 display the transition matrices between two bases

taken from (21).

Lemma 4.4. The transition matriz from {e, h, f} to {a,a*,[a,a*]} is

2(l—=p) 0 4(p—1)
1-2p 1 0 (22)

2p 0 4p

The transition matriz from {a,a*,[a,a*]} to {e, h, f} is

1 1

o 0w

2p—1 2p—1

i 1 T (23)
1 1

e 0 &

Proof. Recall from (16), (17) that
@ =2(1—ple+ (1 - 2p)h+ 2pf, o= h,

[a,a*] =4(p—1)e+4pf.

From these equations, we obtain the matrix (22). To get the matrix (23), find the

inverse matrix of (22). The result follows. O
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Lemma 4.5. The transition matriz from {e*,h*, f*} to {a, a*,[a,a*]} is
0 2(1-p) 4(p—1)

1 1-2 0 (24)

0 2p —4p
The transition matriz from {a,a*,[a,a*]} to {e*, h*, f*} is

2p—1 1 2p—1

4(1-p) 4p
1 1

oy O 4 (25)
1 1

sip 0 &

Proof. We apply the map * to each of a, a*, and [a,a*] in (16), (17) to get

a®* =2(1—p)e*+ (1 —2p)h" +2pf~, (a*)" = a = hx,

la,0")" = [a",a] = —[a,a"] = 4(p — )e* + 4pf*.

From these equations, we obtain the matrix (24). To get the matrix (25), find the

inverse matrix of (24). The result follows. O

Lemma 4.6. The transition matriz from {e, h, f} to {e*,h*, f*} is

p—1 2(1-p) 1-p

ip 2p p—1

The transition matriz from {e*, h*, f*} to {e, h, f} is

p—1 2(1-p) 1-p
p 1-2p 1—p|- (27)

i 2p p—1

Proof. By Lemma 4.2 we obtain the matrix (26). To get the matrix (27), find the

inverse matrix of (26). The result follows. O
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Recall the bilinear form (8) on L. For given two bases for L, say {u;}?_; and
{v;}2_,, the matrix representing ( , ) is defined by the 3 x 3 matrix M such that
M;; = (u;,v;). In the following lemma, we display the matrices representing ( , )

with respect to given two bases for L.

Lemma 4.7. For a given pair of bases within (21), the matriz representing ( , )

is described as follows:

()] e b  f (, )| e hf”
e 0 0 1/2 e* 0 0 1/2
h 0O 1 0 h* 0 1 0
Fl12 0 o 12 000
()| e e (,) ]| a a” [a,a]
¢ | p a 1 1-2 0
h P 1-2p 1—p a* 1—-2p 1 0
f % 1—p 1;—” [a,a] 0 0 —16p(1 — p)
(,) a a*  a,a*] (,)la a* [a,a*]
e P 0 2p e 10 P —2p
h 1-2p 1 0 h* |1 1—-2p 0
fol1=p 0 2(p-1) fr 10 1-p 2(1-p)

Proof. We get the first matrix using (7) and the fourth table using Lemma (3.12).

We obtain the rest of the tables using (16), (17), and Lemma 4.2. O

We recall the adjoint map (6).

Lemma 4.8. The matrices representing ad, and adq- with respect to {a, a*,[a, a*]}

are given as
0 0 42p-1) 0 O —4
adg = [0 0 4 ; adg«: | 0 0 4(1—2p)

0 1 0 -1 0 0
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Proof. We first find the matrix representing ad, with respect to {a,a*,[a,a*]}.
Evaluating ad,(a), ad,(a*), ad,([a,a*]) we get

ady(a) = [a,al = 0 = 0a + 0a™ + O[a, a”],

adq(a*) = [a,a*] = 0a + 0a™ + 1[a, a”],

adqy([a,a*]) = [a,[a,a”]] =4(2p — 1)a + 4a™.

Thus, we obtain the matrix representation of ad,. The matrix representing adg« is

similarly obtained. O

Lemma 4.9. The matrices representing ad, and adg« with respect to e, h, f are

given as
2(1—-2p) 4(p-1) 0 2 0 0
adq —2p 0 2(1—p) |- adg=: |0 0 0
0 4p 2(2p—1) 0 0 -2
Proof. Use (16) and (5). O

Lemma 4.10. The matrices representing ad, and adg« with respect to e*, h*, f*

are given as

2.0 0 2(1—2p) 4(p—1) 0
adg: |0 0 0|, adg=: | —2p 0 2(1 —p)
0 0 -2 0 4p 2(2p—1)
Proof. Use Lemma 4.2 and (5). O

5. ANTIAUTOMORPHISMS

In this section, we discuss an antiautomorphism of L, which plays a role in our

paper.
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Definition 5.1. By an antiautomorphism of L we mean an isomorphism of C-

vector spaces o : L —> L such that

o _

ly, 2]7 = [27,9°], for every y and z in L.

For example, the map L. — L that sends y — —y is an antiautomorphism
since
o[y 2]) = =ly, 2l = [z,9] = [z, —y| = [0(2), ()],

for y, z € L. Additionally, the map L — L that sends y — 3 is an antiautomor-

phism since
o(ly,2]) = [y, 2]" = [z',¢'] = [0(2), 0 (y)].

Consider two maps o : L — L and 7 : L — L, where we assume that each of
which is an automorphism or an antiautomorphism). If exactly one is an antiau-
tomorphism, then o7 is an antiautomorphism. Otherwise, o7 is an automorphism.

For example, if ¢ is an antiautomorphism and 7 is an automorphism, we have,

o7(ly,2]) = o([r(v), 7(2)]) = lo7(2),07m(v)]  (y,2 € L).

Lemma 5.2. The following hold:

(i) Let M be an invertible matriz in Mato(C). Then the map o : L — L
defined by o(y) = My* M~ is an antiautomorphism of L.
(ii) Let o be an antiautomorphism of L. Then, there exists an invertible M €

Maty(C) such that o(y) = My* M~ fory € L.

Proof. (i): Recall the map L — L, y — MyM ! is an automorphism and the
map L — L and y — gy’ is an antiautomorphism. Therefore, by the comments
above Lemma 5.2, their composition ¢ is an antiautomorphism.

(ii): Since o is an automorphism and the map L — L, y — gy’ is an antiau-
tomorphism, their composition map L — L, y — (y!)? is an automorphism
of L. By Lemma 2.8, there exists an invertible matrix M € Mat2(C) such that

(y")° = MyM~! for y € L. The result follows. U
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Lemma 5.3. Let o be an antiautomorphism of L. Then,

(y,2) = (y7,27) fory,ze€L.

Proof. Define 7 : L — L such that ©™ = —u? for v € L. Then 7 is an automor-

phism since
7([w, v]) = =[u,0]” = =7, u7] = w7, v7] = [-u7, —v7] = [r(u), 7(v)].
Thus, for y, 2 € L we have
(y,2) = (", 2") = (=7, —27) = (¥, 2%).

The result follows. O

Lemma 5.4. There exists a unique automorphism 1 of L such that o' = a and

a*t = a*. Moreover, we have (y")T =y fory € L.

Proof. We first show the existence of an automorphism. Define the map t: L — L
by
1—p O
y— Wy'W=t  where W =
0 »p
Then, T is an antiautomorphism by Lemma 5.2(i). Recall that ¢ and a* are nor-

malized semisimple elements that generates L, with the corresponding parameter

p# 1 and p#0. View a, a* as

1-2p 2(1-p) 1 0

a =

2p 2p—1 0 -1
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Then,
1
of = Wat—1 — 1-p O 1—-2p 2p f— 0
0 p||20—-p) 2p-1 0 %
1-2p 2(1-p)
2p 2p—1
=a.
Also,

at=waetw! = 1-p

D=

This implies that t fixes a and a*.

We now show the uniqueness. Let J[/ denote an antiautomorphism of L that fixes
a and a*. Then, its inverse Tl_l is also an antiautomorphism of L that fixes a and
a*. This implies that the composition TT/_l is an automorphism of L that fixes
each of a and a*. Since L is generated by a and a*, TT/_I is the identity map on L,
we have t =171

Finally, since (a!)’ = a' = a and (a*")T = (a*)! = a*, it follows that (y!)T =y

for all y € L. O

We give a comment on Lemma 5.4. Let T be an antiautomorphism as in Lemma
5.4. Then for y € L, we have y' = Wy!W 1, where W is from (18). This is because
that the map L — L, y — Wy'W ! is an antiautomorphism that fixes each of

a, a*, and by Lemma 5.4 such an antiautomorphism is unique.

Lemma 5.5. The maps * and T commute.
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Proof. One finds that (a*)" = (a')* and (a*)*T = (a*)™. Since a,a* generate L,

the result follows. O

Lemma 5.6. The antiautomorphism T acts on e, h, f and e*, h*, f* in the following

way:

e 71_pf, e 1_pf, (28)

ht = h, Rt = h*, (29)
1-— 1-—

= 7pe, = bl LY (30)
p p

Proof. We describe the action of  on e. By the comment above Lemma 5.6 we

have

e =wetwl = wiwl = f%pf.

By similar argument, the other cases follow. ([

6. THE ALGEBRA A

Recall the Lie algebra L = sl3(C) and recall Krawtchouk polynomials. Our
main goal is to study how L and Krawtchouk polynomials are related. To this
end, in this section, we construct a certain L-module. Let C[y, z] be the C-algebra
consisting of the polynomials in y, z, where y and z are commuting indeterminates.
For notational convenience, we denote by A = Cly, z]. View A as a vector space.
Then A has a basis

{y"2° |r,s=0,1,2,...}.

For an integer n > 0 we define the subspace H,, of A by

H, = Span{y™ " "2'}7"_,.
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We give some comments on H,,. We observe that dim(H,,) = n+1. We also observe

that Hy = C1 and H; = Cy 4 Cz. By construction, we have

Consider the subspace H, H,, = Span{fg | f € H,,g € H,,} for n,m > 0. Since
every element of H, H,, is the n + m-th homogeneous component of A, it follows
H,H,, = H,+n.- where m,n > 0.

Let V be a nonzero vector space over C. Let A denote the C-algebra consisting of
all C-linear transformation from V to V. Then A becomes the Lie algebra together

with Lie bracket [¢, ¢] = ¢¢ — pp.

Definition 6.1. A derivation of A is an element 9 € A such that
A(be) = 9(b)c + bd(c) for b,c e A.

We denote Der(A) by the set of all derivations of A.
Lemma 6.2. Der(A) is the Lie subalgebra of A.

Proof. Clearly Der(A) is a subspace of A. We check to see if Der(A) is closed
under the Lie bracket, that is, [01, 0] € Der(A) for 01,02 € Der(A). For b,c € A

we show that

[01,D2](bc) = [01, D2](b)c + b[Dy, D2](c). (31)

Computing the left-hand side of (31), we have

(01, 2] (be) = D185 (be) — 820, (be)
— (ag(b) ~c+b-82(c)) - ag(al(b) ~c—|—b-81(c)>
- (82(6) : c) o (b : az(c)) — 8, (81(6) : c) — 8, (b : 31(6))

= 3182([)) -c+b- 8182(6) — 8281(6) -c—b- 3281(0).



29

Computing the right-hand side of (31), we have

(01, 05](b)c + b[Dy, Ba](c) = (9105 — Dad1)(b) - ¢+ b+ (D105 — D201)(c)

= 0102(b) - c+b-0102(c) — D201(b) - ¢ — b - D201 (c).
By these comments, the result follows. ([

Lemma 6.3. The following (i) — (iit) hold.
(i) 8(1) = 0.
(i) (™) =nb""t(b) forbe A, n=1,2,....

(iii) O(y"2%) = ry"~1z°0(y) + sy" 25~ 10(2).
Proof. (i): Trivial.
(ii): Use induction on n. Then
oM™ = o™ ) b+ - 9(b)
= (n—1)"1o(b) + "1 - 9(b) (by Induction hypothesis)

=nb""1a(b).
(iil): Use part (ii). O
Corollary 6.4. Let 0 € Der(A). Then 0 =0 if and only if O vanishes on Hj.

Proof. By Lemma 6.3(iii), a derivation 0 € Der(A) is determined by 9(y) and
0(z). This implies that 9 is determined by its action on H;. Therefore, the result

follows. U

Lemma 6.5. Let ¢ be a C-linear transformation from H; — A. Then there exists
a unique derivation 0 = 0, € Der(A) such that the restriction of 0 on Hy coincides

with .
Proof. Define a linear map 9 € gl(A) by

r.,s—1

Oy =) =ry 2 0(y) + sy 2" lo(z),
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where ,s = 0,1,2.... One routinely checks that d is a derivation of A. Moreover,
by construction we find 9(y) = ¢(y) and 9(z) = ¢(z). By this comment, the
restriction of @ on Hj coincides with . Therefore, the existence of 0 has been
shown. We now discuss the uniqueness of 9. Suppose @' is another element of
Der(A) such that the restriction of &’ on Hy coincides with ¢. Then 0 — 9’ vanishes

on H;. By Corollary 6.4, it follows that @ — @ = 0. The result follows. O

Next, we will show that the algebra A has an L-module structure. We first
recall some preliminaries. Consider the two-dimensional complex column vector
space C2. Then the Lie algebra L acts by left multiplication on C2. So, we view
C? as a L-module. Recall that H; = Span{y'~z}!_, has a basis y, 2. Consider

the vector space isomorphism H; — C? that sends

By these comments, we have the following lemma.

Lemma 6.6. With reference to above discussion, there exists an L-module structure

on Hy such that

ez =1y, hz=—2z, fz=0. (34)

Proof. Since C? is an L-module, the isomorphism (32) induces an L-module struc-

ture on H; such that for any z € L

TyYy==x , and rT.Zz=x
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Thus, we have

0 1|1 0 0 1] 10 1

ey = = =0, ez = = =y,
0 0] (0 0 0 0] |1 0
1 0 1 1 1 0 0 0

h.y = = = y7 hz = = = —Z’
0 —1] (0 0 0 —1] |1 -1
0 0Of |1 0 0 0] (0 0

fy = = = 27 fz = = = 0.
1 0] |0 1 1 0] |1 0

This lemma has been proven. O

By Lemma 6.6 we can view an element of L as a linear map on H;. For each
¢ € L, Lemma 6.5 tells us that there exists a unique derivation 9, € Der(A) such
that the restriction of @ on H; coincides with ¢. So, we have a map L — Der(A)

that sends ¢ — O,.

Lemma 6.7. The map L — Der(A), ¢ — 0, is an injective homomorphism of

Lie algebras.

Proof. Let f denote such a map. First, we show f is a Lie algebra homomorphism,

that is,

flp, 1) = [f(9), F(9)];

for ¢, ¢ € L. So, we show that

Oip,¢] = [0y, Op]- (35)
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Since Der(A) is the Lie algebra, we find that both sides in (35) are in Der(.A).

Now, consider 9, 4] — [0, 0g] € Der(A). Recall the basis {y, 2z} for H;. Then,

(Opp—p — (0005 — 030,))(y)
= Opp—pip(Y) — 004 (y) + 0p0,(y)
= 0p(y) — dp(y) — pd(y) + op(y)

=0.
Similarly, we have
(Opg—sp — 005 + 050,)(2) = 0.

By these comments, 9y, 4 — [0,,0g] vanishes on Hy. By Corollary 6.4, we have

Orp,91 = [0, O ]-

To verify one-to-one, suppose f(¢) = 0, = 0. Then, J, vanishes on H;. This
implies that ¢ vanishes on H;. By Corollary 6.4 we have ¢ = 0. Therefore,
kerf =0. (]

Theorem 6.8. The algebra A has an L-module structure such that each element
of L acts on A as a derivation and (33), (34) holds.

Proof. By Lemmas 6.6 and 6.7. O

For the rest of this section we fix an integer N and consider the subspace Hpy of

A. Note that the subspace Hy has a basis

{yN TN = YNy N Ty N 2R Ly T N

Lemma 6.9. The elements e, f, h act on the basis {y™ ~'2'}N , as follows:

e.(nyiZi) _ infiJrlZifl for 1<i<N, e.yN —0,
h(yN 'z = (N = 20)y™ 72 for 0<i<N,

f(yN i) = (N — i)V i1t for 0<i<N-—1, f.2N =o.
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Proof. The element e acts on A as a derivation. So, for i =0,1,..., N, we have
e.(yN i) = (N —i)yN T ey) + iy T2 eu2).

Since e.y = 0 and e.z = y, we have e(y™ ~?2%) = iyV ~"*12i=1 We obtain the other

cases by similar argument. O

Using Lemma 6.9 we describe the matrix representations of e, h, f with respect

to the basis {y" "1z }V,.

Lemma 6.10. With respect to the basis {y" 'z ﬁio, the matriz representing e, h,

and f are
[0 1 0] [0 0]
2 N 0
0 3
e , I
30
0 N 2
10 0 | |0 1 0]
N 0
N -2
N -4
h :
2—-N
_O _N_
Proof. Lemma 6.9. O

By Lemmas 6.9 and 6.10, we find that Hy is an (irreducible) L-module of A.

‘We finish this section with a comment.

Lemma 6.11. Let V be an irreducible L-module with dimension N + 1. Then the

following (i) and (i) are equivalent:

(i) The L-module V is isomorphic to Hy .
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(ii) V has a basis {v;}}V, such that
h.w; = (N — 2i)vi for 1=0,1,...,N
and both e.vg =0 and fooy =0.

Proof. (i) = (ii): It follows from Lemma 6.9.

(i) = (i): Fori =0,1,2,..., the vector v; is an eigenvector for h with eigenvalue
N —2i. Start by recognizing that { N —2i}Y ; are mutually distinct by construction.
We then select an integer ¢, where 1 < ¢ < N. Recalling that [h, €] = 2e, we observe
that e.v; € C,,_1. Similarly, recalling that [h, f] = 2f, we see that f.v;—1 € C,i.
Now, let a;; and B; € C such that ev; = a;v,—1 and f,, , = Biv;. Let v; = «;0;.
For i = 0,1,2,..., N, we apply each side of [e, f] = h to v; and find ;41 — v =
N — 2i¢, where yg = 0 and yy4+1 = 0. When we solve the recursion, we acquire
yi = i(N —i+1) for i = 0,1,2,...,N. Renormalizing the basis {v;},, we
assume that o; = i and 8; = N —i + 1 for 1 <4 < N. With respect to {v;}¥,
the matrices representing e, f, and h are equivalent to the matrices from Lemma
6.10. To conclude, there exists an isomorphism of L-modules V' — H;(A) sending

v yN izt for i = 0,1,2,..., N. (]

7. THE L-MODULE V

Throughout this section we fix an integer N. We denote by V' = Hy. In Lemma
4.2 we discussed the dual standard basis e*, f*, h* for L. In this section we describe

the action of e*, f*, h* on the L-module V. For i =0,1,..., N, define
V; = CyN izt

Observe that dimV; = 1 and V = va:ol/;, which is the direct sum. For ¢ =
0,1,...,N, V; is the eigenspace of h associated with eigenvalue N — 2i. We call V;
the h-weight space for the eigenvalue N — 2i. We call V = Z?LO V; the h-weight

space decomposition of V.



35

Let us recall the dual standard basis e*, h*, and f* for L from Lemma 4.2. We
describe the action of e*, f*, h* on the L-module V. Recall the basis {y, z} for H;.
Define

y* = (1-py+pz Z=1-py+((p-1)z (36)

Observe that y*, z* form a basis for H;. Thus, the transition matrix from y, z to
y*, 2" is
1—-p 1-—p
p p-1
Note that this transition matrix is the same as R from (19). Using this matrix we

have

b«
z

T 2=y — 2" (37)

y=y +

Lemma 7.1. The elements e, f*, h* act on the basis y*,z* for Hy as follows.

e*.y* =0, h*y* = y*, oy = 2%, (38)

e*.z" =y*, h*.z" = —z%, 52z =0. (39)

Proof. We compute e*.y*. Using Lemmas 4.2, 6.6 and (36) we have

2

eyt = ((p— L)e + ph + 1p_pf) (1 =p)y +pz)

3

p
= (p=1)(1 = pley +p(L = p)hy + p*fy + (p = Vpez +p*hz + — f>
3
p
= (=11 =p)(0) +p(L = ply+ 2+ (p— Vpy +p*(=2) + 1 50
=0.
The other cases are similar. O

Observe that by (36) the set {y*¥~i2**} | forms a basis for V.

Lemma 7.2. The elements e*, h*, f* act on {y*N~2*}N | as follows:
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6*.(y*N_iZ*i)

— iy*N—i-‘rlZ*i—l fO’I" 1<i< N, 6*.y*N _ 07
R (N i) = (N — 20)y* N =i for 0<i<N,

f*.(y*NfiZ*i) _ (N _ Z-)y*Nfiflz*iqu for 0 S i S N — 1’ f*.Z*N 0.

Proof. We compute the action of e* on y*¥N~?2*. Using Lemma 7.1, we have

* *« N —i _*i

e .(y z )
= (N — i)y*N’iflz*i(e*y*) + iy*NfiZ*ifl(e*z*)
= (N —i)y™N=1=179(0) + iy N iz (y)

— iy*N—H—lZ*z—l .

The other cases are similar. O

Lemma 7.3. With respect to the basis {y*N~22*"} N = the matrices representing

e*,h*, f* are as follows:

[0 1 0 0 0
2 N 0
0 3
e* , o
30
0 N 2 0
|0 0 K 1 0]
. 0
N-—2
N —4
h*
2N
_0 7N_

Proof. By Lemma 7.2. g
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Fori=0,1,..., N, define
V;-* — (Cy*N_iZ*i- (40)

Observe that dimV,* =1 and V = Z?LO V¥, which is the direct sum. We call V;*
the h*-weight space for the eigenvalue NV — 27 and call V' = Zilio V;* the h*-weight
space decomposition of V.

For notational convenience, define

k:(f) (ﬁp)i i=0,1,...,N. (41)

Note that kg = 1.

Definition 7.4. Define a bilinear form (, }: V x V — C by

1

N—iji  N=j iy _ §..
<y Zay Z> iji(l_p)Nv

where the scalars k; (0 < i < N) are from (41).

We note that the bilinear form (42) is symmetric since

1

o kA —p)N v

i, N—i i\ __ N—i_i , N—j_j
zjay Z>_(Sj’b zZ5,Y sz>7

(y

fori,7 =0,1,..., N. We also note that the bilinear form (42) is nondegenerate and
satisfies

(Vi,V;) =0 if i#£j5 for i,j€0,1,...,N. (43)
Lemma 7.5. Forp e L, and u,v € V

<§0'uav> - <u7§0T'v>> (44)

where T is the antiautomorphism of L from Lemma 5.4.

Proof. Without loss of generality, we may assume ¢ is in the basis e, h, f and u,v

are in the basis {yV =121} . Set u = yN~2% and v = yNI2J. First, we assume
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that ¢ = e. Using (42), we have

(eu,v) = (eyN =izt yN=i29)

= (iyN =151 gy N=i 0y (by Lemma 6.9)

1

TR

In Lemma 5.6 we saw that ef = ﬁf. So,

(u, efw) = (YN =12, Lo fyN=iz)
P

1-p
_ p(N — j) (yN=it, N1t
1—p ’
N —j 1
_ PN —-J)

=TTy M R

By (41), (1—p)ik; = p(N—j)k;, provided that i—1 = j. Thatis, (1—p)(j+1)k;41 =
p(N — j)k;. Thus, we have

(e.u,v) = (u,el.v).

The other cases for ¢ = h and ¢ = f are similar. O
Lemma 7.6. Recall the spaces {V;*}N from (40). The bilinear form ( , ) satisfies
ViV =0 i (45)
Proof. For 0 <4,j < N with i # j, pick u € V;* and v € V" so that
h*u=(N—-2)u  and h*v= (N —2j)v.
Now observe,

(N — 2i){u,v) = (h*.u,v) = (u, h*T.v) (by (44))
= (u, h*.v)

— (N = 2j)(u,v).
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Thus, we have
(N —=2i) — (N = 29))(u,v) =0 = 2(j —i){u,v) =0.

Since i # j, it follows (u,v) = 0. The result follows. O

In linear algebra, for a given basis {u;}?, for V, there exists a unique basis
{vi}1 for V such that (u;,v;) = d;;. The bases {u;}}_, and {v;}]—, are said to be

dual with respect to (, ).

Lemma 7.7. With respect to ( , ), the bases
¥V, and {k:(1 =)y}

for V are dual.

Proof. Since

the result follows. O

Lemma 7.8. For the dual basis {k;(1 —p)NyN=2}N | from Lemma 7.7, the sum

of the basis vectors is y*N.

Proof. We have

Y k(1 —p) Ny =) ( . )(1 —p)Np'(1—p) N
i=0 =0
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where the last equality holds by (36). O

Lemma 7.9. Fori,j=0,1,2,..., N,
<y*N7iZ*i,y*N7jZ*j> _ 5131%_1 (46)

Proof. Suppose i # j. Since y*N7iz* € V;* | y*N7iz% € Vi, and (V;*,V;*) =0

by Lemma 7.6, it follows that
<y>i<N7iZ>'=i7 y*ijZ*j> —=0.

Assume i = j. We will use induction on i. First, assume ¢ = 0. We see that

N,y Ny = [ly?
N 2
=D ke(1 = p)NyN S
£=0
N
=3 [lke(t = p)V N
£=0
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Therefore, (46) holds for ¢ = 0. Next, assume that ¢ > 1. By Lemma 7.5,
<6*.(y*N_iZ*i), y*N—i+lz*i—1> _ <y*N—iZ*i7 G*T.(y*N_i+1Z*i_1)> . (47)
Looking at the left-hand side of (47), we have

<€*.(y*N_iZ*i), y*N—i+lz*i—1> _ <7;y*N_i+1Z*i_1, y*N—i+1Z*i—1>

y*N—i+1z*i—1”2

:i]
= i(ki—l)ila

where the last equality holds by our induction hypothesis. Recall from Lemma 5.6

that e*f = %f*. Using this, we compute the right-hand side of (47) to get

<y*N—iz*i7 e*T.(y*N_i+1Z*i_l)> _ <y*N—iZ>ki p pf*(y*N—i+1Z*i—1)>

) 17
__D <y*N—iZ*i (N_i+1)y*N—iZ*i>
1—-p ’
p . *N—i_xi||2
:71_p(N_Z+1)Hy z H .
By these comments, we have
- - - w«N—i _xi||2
(ki)™ = (N =i 1) N
-p
which implies
*«N—i_*i||2 _ . -1 I—p
=ik I
o = i)
B (=N —i+ 1) (1—p)t 1—p
- N Pl p(N—i+1)
N =) (1= p)?
B N! pt

= k1

7

Therefore, (47) holds at ¢. This lemma has been proven. O
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Lemma 7.10. With respect to (, ), the bases
{y*N zz*z NO and {kzy*N zz*z N0

for'V are dual.
Proof. We have
<y*N7iZ*i, kjy*ijZ*j>
_ kj <y*N7iZ*i’ y*ijZ*j>

= k;d;k; !

ij g

O

Lemma 7.11. For the dual basis {k;y*N~12*}N  from Lemma 7.10, the sum of

the basis vectors is y~

Proof. We have

N ) (ﬂp)w (by (41))

where the last equality holds by (37). O

We have discussed two bases {yV 2"}  and {y*N~iz*}N  for V. We now

describe each element of one as a linear combination of the other basis elements.

We will use Krawtchouk polynomials {Ki(x)}ij\;oz

Ki(z) = Ki(w:p, N i ' ;1 <1)n (48)

n=0 p
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where (a), =a-(a+1)  (a+2)...(a+n—1).

Lemma 7.12. For j =0,1,2,..., N, we have

N
W i =3 (V) G

Proof. (i): Recall from (37) that z = y* — z*. So, z* = y* — 2. Using this, the

left-hand side of the equation (i) becomes

(-] - 1) i g'(.] -+ 1) (_1)£y*Nflzl

I
3

N )
= Z (_J)ey*N_ezé (since (—j)e =0 if £ > 7). (49)
Next, using (48) the right-hand side of the equation (i) becomes
N
N —i i g (N, N—i i
> < ; >(1 - )N K (G)yN

N (K (—i)e(—j)e 1 1 .
<Z>(1 *p)Nisz <Z( (zﬂi{)j)lﬂp[) nyzZz

£=0

.
Il
o

—~

M= 1=

e

K2

—)e 1 o~ (N —i il —i i
o0 (Nt _O<i>(1—p)N p(=i)ey™ 2" (50)

o~
I
o
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Comparing (49) and (50), it suffices to show that for £ =0,1,2,..., N

N
= s 3 () Y 61)
=0

On the right-hand side of (51), the ith term vanishes for ¢ < £ since

(—i)e = (=) (=i +1)... (=i + £ —1).

So, by setting r = i — ¢, the right-hand side of (51) is

=0
N—¢
1 N —r—0, 7 —r—L_r

~ (N (r+€>(1 =)V (e = ey T

r=0

N—¢ 1
= (N -0 fgr—r (1= p)N—r=tpryN=r—t,r+t

r=0

N—¢

X (Nié)' N—r—l, r, N—r—{ _r
_ZZ(N—T—E)!T'(I_ ) Py o

= 2ty (by (36)).

Therefore, we showed that(51) holds and proved (i).
(ii): Similar to (i). O

8. MAIN THEOREM

In the previous section, we discussed two bases {yV~#2'}N  and {y*N~iz*} N .
In this section, we find the inner products between these two bases. We recall the

Krawtchouk polynomials K;(x) from (48).
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Theorem 8.1. Fori,j=0,1,..., N,
YNyt = Ki()) (52)

Proof. Evaluate the left-hand side of (52) using (41), (42), and Lemma 7.12(i) to

get
N
<yN—zZz7y*N—]Z*J> _ <yN—zZz7 Z (JZ> ((1 p))N—épZKe(J)yN—ZZ€>
=0
N
=D (ZD (L =)V Ko () (yN 2"y 1)
=0
Y /N 1
=3 (3 )
N s 1
— ) 1— N—1i 1KZ -
;)= ) g v
= K;(j),
which is the right-hand side of (52). O

Now, we define C-linear transformations A: V — V and A* : V — V by

NI —a _NI—a*

= A*
A B 5 (53)
where a, a* are from (16):
a=2(1—ple+ (1—2p)h+2pf, a* = h. (54)
Note that on V,
a=NI-2A, a* = N — 2A4*. (55)

This brings us to the following theorem.

Theorem 8.2. For j =0,1,2,..., N, the following (i), (ii) hold.

(i) K;(A)yN =yN 727
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Proof. (i): By Lemma 4.2, we have
h*=2(1—ple+ (1 —2p)h+2pf = a.

By Lemma 7.2, for i = 0,1,2,..., N, the vector y*N~%2*" is an eigenvector for a

with eigenvalue N — 2¢. That is,
a.y*N_iZ*i _ (N o 2Z)y*N—zZ*z
Since a = NI — 2A, we have

(NI— 2A)y*N—zZ*z _ (N— 2Z)y*N—zZ*z

— Ny*N—iZ*i _ 2Ay*N—iz*i _ Ny*N—zz*z _ QZy*N—zz*z

— Ay*NfiZ*i _ iy*NfiZ*i.
So, y*N~iz*! is an eigenvector for A with eigenvalue i. Therefore,
N
K;(A)yN = K;(A) Z y Ny (by Lemma 7.11)
=0
N
— Z kin (Z-)y*Nsz*z (since Ay*Nsz*i _ ,L-y*Nsz*z)
i=0
=y (by Lemma 7.12(ii)).

Therefore, we have shown (i).

(ii) The proof is similar. O

9. APPLICATIONS

In this section, we use the results discussed in the previous section to obtain
some well-known facts of Krawtchouk polynomials, including orthogonality rela-

tions, three-term recurrence, difference equation, and generating function.

Theorem 9.1 (Orthogonality relations). Krawtchouk polynomials satisfy the fol-

lowing orthogonality relations.
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(i) Fori,j=0,1,2,...,N,

émmm(f o=, (V) (22) e
(i) Form,n=0,1,2,...,N,
éf«mum@ (Mpa-m=sn(Y) (52) @

Proof. (i): Compute (y*N=iz* 4*N=J2*J} in two ways. On one hand, using (46),
(41) we have

o o M1\t
(y Nty NIy = bkt = 6 ( { > < p p) ' 58)
On the other hand, by Lemma 7.12(i) we write
- XN
y*N—zZ*z — Z (n> (1 _ p)N—npnI(n(,L-)yN—nZn7 (59)
n=0
- NMo/N
y*ijZ*J — Z < )(1 _ p)memem(j)nymzm. (60)
m
m=0
Compute (y*N=iz*¢ y*N=i2*J) using the equations (59) and (60) to get
N N
N —-n,n . N —m,m .
(Z (M)a-mr Kn<z>> (Z (M)a=mm Km@))
n m
n=0 m=0 (61)

Using (42), we have

e (V) () T e

Evaluate (61) using (62) to get

N

Z <N> Kn(i)Kn(5)(1 —p)¥ "p".

n=0 n
Therefore, by (58) and (63) the result follows.

(ii): The proof is similar to (i). Use the fact K;(j) = K;(1). O
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Theorem 9.2 (Three-term recurrence). Krawtchouk polynomials satisfy the fol-

lowing three-term recurrence. For i,x =0,1,2,..., N,
eK(x) = i(p — VK1 (x) — (i(p — 1) + (i = N)p) Ki(2) + (i = N)pKiy1(x). (64)
Proof. Since h' = h, by Lemma 7.5
<h(yN—wzw)7 y*N—iz*i> _ <yN—wa7 h.(y*N_iZ*i)> . (65)
Evaluating the left-hand side of (65), we have
<h.(yN_’”zI), y*N_iz*i> = <(N —22)yN %2, y*N_iz*i> (by Lemma 6.9)
_ (N _ 237) <(yN—:1cZJc7 y*N—iz*i>
= (N —22)K,(7) (by Theorem 8.1)
= (N — 22)K;(x).

Next, we evaluate the right-hand side of (65). To do this, we recall the transition

matrix (26). By this matrix, we have
h=2(1—-p)e* + (1 — 2p)h* + 2pf*. (66)

Evaluating the right-hand side of (65) and simplifying the result using Lemma 7.2

and Theorem 8.1, we have

(2, (21— ple’ + (1= 2p)h" +2pf ")y i)
_ <nya:Z$, 2(1 — p)e*.(y*N i) 4+ (1 — 2p)h*. (N i) + 2pf*.(y*N7iz*i)>
_ <y1\/—agzaa7 2(1 — p)iy*N—i+lz*i—1> + <yN—zZz’ (1—2p)(N — 2i)y*N—iz*i>
+ <yN—:ch’ 2p(N — i)y*N—i—lz*i+1>
=2(1 = p)ile(i = 1) + (1 = 2p)(N — 20) K, (i) + 2p(N — i) Ko (i + 1)
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We have evaluated both sides of the equation (65). By these comments we have
(N —22)K;(z) = 2(1 — p)iKi—1(z) + (1 = 2p)(N — 2i) K;(z) + 2p(N — i) Kit1 ().
Rearranging the above equation, we obtain (64). The proof has been completed. O

Theorem 9.3 (Difference equation). Krawtchouk polynomials satisfy the following

difference equation. For i,z =0,1,2,..., N,
iKi(z) = z(p=1)Ki(x=1) = (z(p—1) + (2 = N)p) K;(2) + (z = N)pK;(x+1). (67)
Proof. Exchange i on « in the three-term recurrence (64):
K, (i) = 2(p — 1) Kp—1(3) — (2(p — 1) + (& — N)p) K (3) + (x — N)pKyy1 (i)
Apply K;(j) = K;(i) to the above equation to get (67). O

Theorem 9.4 (Generating function). Let t be an indeterminate. Then for x =

0,1,2,...,N,

<1 — 1%9 )z (1+t)N " = i <]j) Ki(z)t'. (68)

=0

Proof. In Lemma 7.12(i), substitute y with lflp and z with % and simplify the

() Q)

(1-p)
Ki(t'.

result to get
y*ijz*j — Z < >

By (36) together with y = ﬁ and z = %, we have

(69)

>

K2

N
N
1
=0
N
N
7
=0

1 t
y'=0-py+pz=>0-p)-——+p- =1+t
(1-p) "

and

1 t —1
*—(1— —z=(1-p)——+(p-1)-=1+—¢
zr=1-py+(-1z=( p)l_p+(p )p L
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Thus, we have

o _ —1\’
yN=i i = (14 )N <1 + pT ) . (70)

Combining (69) with (70) and by setting j = x, we have (68). O
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